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“Mathematics may be defined as the
subject in which we never know what
we are talking about, nor whether what

we are saying is true.”

Bertrand Russell.



PREFACE

This text is meant mainly for the students of Assumption Business
Administration College (ABAC), often at the freshman level. Itisa
compilation of business topics from various books. The emphasis is
on the business transactions and business models. It serves as a basis
for decision making and for higher studies.

Throughout the book, practical problems are used to illustrate the
application of the formulas and tables. This is particularly helpful
to students who have a limited knowledge of algebra, and self-study
would be much enhanced by exercises and given answers to the
problems presented at the end of each topic or chapter.

The currencies used may be in baht or U.S. dollars and the interest
rates used may be a little obsolete. But the approach to the
problems would be the same regardless of these differences.

This is a one-semester course in Business Mathematics. The instructor
is free to organize the sequence of the subject matters in the most
suitable way. Omission or addition of certain topics may be done.
The text is meant as a guideline for both the instructor and the
students. The course can be developed into a two-semester course
later on with more contents.

I wish to express my appreciation to the administrators of
Assumption Business Administration College in general, and its
staff members and students in particular who have encouraged me to
undertake this piece of work and thropgh the available sources
rendering it to reach its completion.

I am in debted to Suda Kittikorncharoen and Chaiyong Truakul for
their constant push towards its publication.

I am grateful to Songsamorn Chomchinda who had helped me to
type the rough and final draft. Thanks are extended also to the
following for their kind help in the production of the book:
Narin Chomchinda, Rapeepan Suk-asa, and Decha Sethapun,

' Bancha Saenghiran
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CHAPTER 1

SIMPLE INTEREST

Interest (I) What is an interest? It is the income from invested capital;
or in a narrower sense, it is the fee paid for the use'of money.

Principal (P) is the sum of money borrowed in an interest transaction.

Time or term of the loan (t) or (n) is the period during which the
borrower has the use of all or part of the borrowed money.

Interest rate (r or i) is the price of a simple interest loan.

Simple Interest: means that the loans have interest computed entirely
on the original principal.

1.1 Simple Interest:
It is defined as the product of principal, rate, and time.
I=Prt (1)
Note that +’ and ‘¢’ must be consistently stated. That is, if the rate

is an annual rate, the time must be stated in years; if the rate is a
monthly rate, the time must be stated in months. ’

- When an interest rate is stated as a percent, it should be
converted to a fraction or decimal when used in the simple
interest formula.




Example 1:

A couple buys a home and gets a loan for B 300,000. The annual
interest rate is 15%. The term of the loan is 15 years
a) Find the interest for the first month.

I=interest to be foundout I = Prt
P = principal = B 300,000 = 300,000, 15 _ 1
principal = B X700 *12
r=15% = 0.15/year = K 3,750 Ans
t=1month =1 year
112

b) If the monthly payment is )f 4,000 find the amount of house purchased with
the first payment.

Since payment on interest for the first month is = § 3,750

And the monthly payment is = K 4,000

.". For the first payment, the couple buys only

= 4,000 — 3,750 = B250  worth of the house. Ans
Example 2:

The interest paid on a loan of ,3 10,000 for 4 months was ﬂ 250.
What was the interest rate?

Solution:
P = B 10,000 or I = Prt
I
t = 4 months r= 5
4 1 B 250
“1z T 3Uveer ~ 10,000 x 1
3
_ 250x 3
I =820 = 10,000
r = to be found out. = 0.075
= 7%‘0/9 A_I_l§



Example 3:

A man gets ,B’ 1,275 every 6 months from an investment which pays
4% % interest. How much money does he have invested?

Solution:
I = B 1,275 or 1 = Prt
t = 6 months P = I
rt
1275
= g yeer © 0.0425x1
2
r = 4%
= 0.0425 = P 60,000 Ans
Example 4:

How long will it takeﬁ’100,000 to earnﬁ’l,OOO interest at 6%?

-Solution:
P = B 100,000 I = Prt
I = B 1,000 t = I
Pr
r = 6%
6 1000
= 7100 = 100,000 x_6_
100
t = ? = ¢ year or 2 months
Ans

1.2 Amount : (or) Future Value (F)

It is the sum of the pricipal and the interest. It is symbolized
by F

I
L
—
+ 7
L=
-
o
S



Example 1:

A man 'borrows,B’ 7,000 for 6 months at 10%. What amount must be

Method 1:

repaid?

Solution: ‘
P = PB7,000
t = 6 months

- 1 ear

r =.10%

Method 2:

7000(1.05)
B7,350 Ans

This problem can be solved by getting the simple interest and edding it

to the principal.

P = ¥7,000
r = 10%

-

T

= 6 months

I

Prt

i
7000 x 0
B350

1
W —
2
P+ 1I

7000+ 350

¥7,350 Ans

Note: The amount of money at the starting of the period is the
present value and the amount obtained at the end of the period
(prineipal + interest) is the future value of the amount.



Example 2:

A debt of ﬁ 20,000 due in one year with interest at 15% may be
considered as an obligation of }f 23,000 due in one year.

If a time is not stated, we shall assume that the designated
sum is the present or cash value. Thus; if a problem states that the
price of a car is B 400,000 this means the cash price. If 2 sum is
due in the future ‘without interest’ or if a rate is not stated, we shall
assume that the given value is the maturity value of the obligation.

Example 3:

‘® 60,000 due in 6 months’ means. that 6 months hence the debtor
must pay & 60,000.

In the business world, this obligation would be worth less
than § 60,000 before the end of 6 months.

EXERCISE: 1 -1

‘l. Find the simple interest on $750 for 2 months at 7% and the
amount.

2. Find the simple interest on $1225 for 3 months at 3%% and the
amount,

4. A man borrows $10,000 to buy a home. The interest rate is 6%
and the monthly payment is $64.43. How much of the first
payment goes to interest and how much to principal ?

5. A $15,000 home loan is to be repaid with monthly payments of
$100. If the interest rate is 6%%, how much of the first payment
goes to interest and how much to principal ?




6.

10.

11.

12,

13.

14.

A savings and loan association advertises a rate of 4%%
compounded semiannually. Deposits made by the 10th of the
month earn dividends from the 1st of that month. Deposits
made after the 10th earn dividends from the 1st of the following
month. Dividends are credited on June 30 and December 31.
A depositor had $2045 in his account on June 30, 1973. He
deposited $1120 on September 7, 1973. How much will he have
in his account on December 31, 1973 ?

A man has an account in a savings and loan association that
pays 5% compounded semiannually. Dividend dates are June 30
and December 31. Money deposited by the 10th of a month earns
dividends from the Ist of that month. Deposits after the 10th
earn dividends from the first of the following month. This man
had a balance of $1600 on December 31, 1972. He deposited
$400 on February 8, 1973, and $600 on April 25, 1973. Find the
final entry in his passbook after interest is credited on June 30,
1973.

A man borrowed $150 for two months and paid $9.00 interest
What was the annual rate ?

A mechanic borrowed $125 from a licensed loan company and at
the end of one month paid off the loan with $128.75. What

annual rate of interest did he pay ?

If a person loans $6000 at 5%, how long will it take him to get
$75.00 interest ?

How long will it take $8400 to earn $24.50 interest at 3.5% ?

How long a time will be required for $625 to earn $25 interest
at 4.8% ?

How long will it take $1800 to earn $63.75 interest at 4%4% ?

What is the amount if $3.6 million is borrowed for 1 month at
1% P
3



15.

16.

17.

18.

19.

20.

21.

22.

What is the amount if $14.4 million is borrowed for 2 months
at 3% ?

A man borrows $95. Six months later he repays the loan, principal
and interest, with a payment of $100. What interest rate did he

pay ?

A loan shark made a loan of $50 to be repaid with $55 at the end
of one month. What was the annual interest rate ?

A waitress, who was temporarily pressed for funds, pawned her
watch and diamond ring for $55. At the end of 1 month she
redeemed them by paying $59.40. What was the annual rate of
interest ?

A loan shark was charging $10 interest for a $50 loan for a month.
What was the annual interest rate ?

A teacher borrowed $200 from the credit union to which she
belonged. Every month for 8 months she paid $25 on the
principal and interest at the rate of 1% a month on the unpaid
balance at the beginning of the month. The first interest payment
would be 1% of $200, the second interest payment would be 1%,
of $175, and so on until the loan was repaid. What was the total
interest paid on this loan ?

A person borrowed $800 from a credit union which charges %%
per month on the outstanding balance of a loan. Every month
for 8 months he paid $100 on the principal plus interest on the
balance at the beginning of the month. Find the total interest.

The value of fixed income investments is very sensitive to changes
in interest rates. In 1963, when money was relatively easy or
cheap, Cincinnati Gas and Electric $100 par value, 4% preferred
stock was quoted at 94. Early in 1972, when interest rates were
higher, the stock could be purchased for $61. What rates of
return or yield rates were received at these prices ?




23. Philadelphia Electric $100 par value, 3.8% preferred stock was
quoted at 54% in the January 31, 1972, issue of The Wall Street
Journal. What was the yield rate ? Find the current yield on
this stock.

1.3 Exact and Ordinary Interest.

When the time is in days and the rate is an annual rate, it is
necessary to convert the days to a fractional part of a year when
substituting in the simple interest formulas. Interest computed using
a divisor of 360 is called ordinary interest. When the divisoris 365 or
366, the result is known as exact interest.

For a given rate of interest, a denominator of 360 results in a
borrower paying more interest in dollars than would be the case if
365 or 366 were used. On individual loans the difference may not be
large. But when many borrowers each pay a little more, the total
difference is a substantial sum. This increased revenue makes the
360-day year popular with lenders.

Example

Get the ordihary and exact interest on a 60-day loan-of $300
if the rate is 8%.

§olutibn: :

‘Substituting P = 300 and r = .08 in (1), we have

Ordinary interest = 300x .08.x 60 = $4.00
360

Exact interest = 300x .08 x 60 = $3.95
. 365

Note that ordinary interest is greater than exact interest.
Also it is easier to compute when the work must be done without a
calculator.



1.4 Exact and Approximate Time.

There are two ways to compute the number of days between
calendar dates. The more common method is the exact method which
includes all days except the first. A simple way to determine the
exact number of days is to use Table 1 in the back of this book, which
gives the serial numbers of the days in the year. Another method is to
add the number of days in each month during the term of the loan,
not counting the first day but éounting the last one. The :approximate
method is based on the assumption that all of the full months contain
30 days. To this number is added the exact number of days that
remain in the term of the loan.

Example:

Find the exact and approximate time between March 5 and September
28.

Solution:

From Table 1 we find that September 28 is the 271st day
in the year and March 5 is the 64th day. Therefore the exact time
= 271-64 = 207 days. .If a table of calendar days is not available,
we can set up a table as follows:

March 26 (31-5)

April 30
May 31
June 30
July 31
August 31
Sept. __2_8_

Total 207 days

To get the approximate time we count the number of months
from March 5 to September 5. This gives us 6 x 30 = 180 days. To
this we add the 23 days from September 5 to September 28 to geta
total of 203 days.




1.5 Commercial Préctice.

Since we have exact and ordinary interest and exact and
approximate time, there are four ways to compute simple interest:

Ordinary interest and exact time (Bankers’ Rule)
Exact interest and exact time

Ordinary interest and approximate time

Exact interest and approximate time

B 0N

This brings out the fact that in computing simple interest,
as in all problems in the mathematics of finance, both parties to the
transaction should understand what method is to be used. In this
book, when the time is in days, we use ordinary interest and exact
time unless another method is specified. This is known as Bankers’
Rule and is the common commercial practice. '

When an obligation has a stated time to run, it is necessary
to determine the due date. If the time is stated in days, the due date
is the exact number of days after the loan begins. If the time is stated
in months, the due date is the same as the date on which the term of
the loan begins unless the date of the loan is larger than the last date
of the month in which the loan matures. When this happens, we take
as the maturity date the last date of the month.

Example 1:

DATE OF LOAN TERM OF LOAN MATURITY DATE
June 15, 1972 60 days August 14, 1972
June 15, 1972 2 months August 15, 1972
Dec. 10, 1972 4 months April 10, 1973
Dec. 10, 1972 120 days April 9, 1973
Dec. 10, 1971 120 days April 8, 1972

(1972 is a leap year)
Dec. 28, 29, 30 2 months Feb. 28, 1973
or 31, 1972
Dec. 29, 30 2 months Feb. 29, 1972
or 31, 1971 '

10



Example 2:
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On November 15, 1973, a man borrowed $500 at 5%.

The debt is

repaid on February 20, 1974, Find the simple mterest using the four methods.

Solution:

We first get the exact and approximate time.

EXACT TIME
From Table 1:

November 15 is the 319th day
February 20 is the 51st day

APPROXIMATE TIME

November 15 to February 15 is
three months

In 1973 there are 366-319 = 46 days Three months x 30 days = 90 days
In 1974 there are 51 days February 15 to 20 = 5 days
Total time 97 days Total time 95 days
Ordinary interest and exact time 97
(Bankers' Rule) I =500 x .05 x 360 = $6.74
. °. . 97
Exact interest and exact time I = 500 x .05 x 365 © $6.64
. . . . 95
Ordinary interest and approximate timeI = 500 x .05 x 360 = $6.60
. . . 95
Exact interest and approximate time I =500 x .05 x 365 = $6 .51

To encourage prompt payment of bills, many merchants
allow discounts for payments in advance of the final due date. Terms
of 2/10, .n/30 mean that if payment is made within 10 days from the
date of the invoice 2% of the amount of the invoice can be deducted.
If the bill is paid after 10 days but on or before the 30th day, the net
amount of the invoice must be paid. A buyer who takes advantage of
cash discounts in effect lends money to the seller and receives as
interest the cash discount. Interest rates earned in this way usually are
so high that it is good business practice to take advantage of savings
through cash discounts.

11




Example 3:

A merchant receives an invoice for‘$2000 with terms 2/10, n/30. If
he pays on the 10th day, he earns what rate of interest ?

Solution:

The cash discount is $40 making the principal $1960.

I =Prt
1960xrx§'§—g = 40
r = 40 x 360 = .367 = 36.7%

1960 20

Banks sometimes require business borrowers to keep a
compensating balance on deposit with the bank as one of the conditions
for getting a loan. If a borrower gets a $1000 loan with a 20%
compensating banlace, he will be required to maintain $200 (20%
of $1000) in his demand account. If he normally maintains less than
$200, part of the loan proceeds must be used to meet the compensating
balance requirement. While he pays interest at 8% on the full $1000,
he will have the use of less than $1000. The effective rate of interest
will be greater than the stated 8%. The difference will depend on the
size of the compensating balance, and the balance the borrower would
ordinarily keep anyway.

Example 4:
A borrower gets a $100,000 loan at 8% at a bank which requires the
lender to keep a compensating balance of 20%. If all of this balance is a

net increase in the demand account balace which the borrower would normally
maintain, what is the equivalent rate paid by the borrower ?

12



Solution:

On an annual basis he is paying $8000 interest for the use of
$80,000. This is equivalent to a rate of 10%.

Example 5:

If the borrower in Example 4 normally keeps a demand deposit balance
of $5000, the required balance would result in what equivalent rate ?

Spiﬁtiqn:

He is still paying $8000 interest on an annual basis. He now
takes $15,000 out of the loan to get the required $20,000
compensating balance. In effect he is paying $8000 for the use of
$85,000. On an annual basis the rate is 8000/85,000 = .094 = 9.4%.

Example 6:

Builders of homes, apartment houses, and commercial building often
get construction loans. Construction loan funds are not supplied at one time but
rather are advanced gradually as construction progresses. The loan may be repaid
in a lump sum shortly after completion of the project.

The builder of an apartment building obtained an $800,000 construction
loan at an annual rate of 9%. The money was advanced as follows.

March 1, 1973 $300,000
June 1, 1973 ~ $200,000
October 1, 1973 $200,000
December 1, 1973 $100,000

The building was completed in February of 1974 and the loan repaid
on March 1, 1974. Find the amount using ordinary interest and approximate
time.

13




Solution:

Interest on each part of the loan is

300,000 x .09 x 1 = $27,000

200,000 x .09 x T% = 13,500
5

200,000 x .09 «x = 7,500
3

100,000 x .09 x = = 2,250

Total interest $50,250

Amount of loan = 800,000 + 50,250 = $850,250

EXERCISE 1 - 2

1.

Find the ordinary and exact interest on §750 for 100 days at 3%
Find the ordinary and exact interest on $6080.50 for 60 days at
3% %.

Find the ordinary and exact interest on $1200 for 45 days at
4% %.

If P=§9800 and r = 2%%, get the ordinary and exact interest
for a 120 - day loan. '

Use exact time and find the ordinary and exact interest on $300
at 5% from May 5, 1974, to September 12, 1974.

Use exact time and find the ordinary and exact interest on $500
from November 30, 1974, to March 15, 1975, using a rate of 7%%.

14



Use Bankers’ Rule in Problems 7 to 12

7.

10.

11.

12.

13.

14.

What amount must be repaid on November 21, 1973, if $7000 is
borrowed at 7% on November 1, 1973?

A man borrows $7760 on December 15, 1974. He repays the débt
on March 3, 1975 with interest at 6%2 %. Find the amount repaid.

A debt of $500 is due on June 15, 1973. After that date the
borrower is required to pay 5% interest. If the debt is settled
on January 10, 1974, what must be repaid?

On May 4, 1973, a man borrows $1850. which he promises to
repay in 120 days with interest at 3%. If he does not pay on time
his contract requires him to pay 8% on the unpaid amount for the
time after the due date. Determine how much he must pay to
settle the debt on December 15, 1973.

A man borrows $3050 on December. 15, 1971, at 3% %. What
amount must he repay on April 8, 1972? Note that for leap years,
the number of the day after February 28 is one more than the
number in Table 1.

A man borrows $5000 on November 11, 1971, at 5% %. What
amount must he repay on March 10, 1972?

On December 31 a man has $3000 in his account in a savings and
loan association. His money will earn dividends at 4% % if it is
left on deposit until the next interest date which is June 30.
Money withdrawn before June 30 does not get any interest. On
May 1 the man needs $1000. Instead of drawing the money out
of his account, he makes a passbook loan using his passbook as
security. He plans to repay this loan from his account on June
30 when he gets his interest. If the savings and loan association
charges 6% for a passbook loan, this plan will save the man how
much money as of June 30? The savings and loan association
uses Bankers’ Rule in getting interest on passbook loans.

Get the answer to Problem 13 if the loan is for $1500 and 1s
made on March 31.

15




15. A merchant receives an invoice for $2000 with terms 2/10, n/60.
If he pays on the 10th, he will earn what rate of interest?

(14.7%)

16. An invoice for $5000 has terms 3/10, n/45.. What rate of interest
is earned if payment is made on the 10th?

1.6 Present Value at Simple Interest.

To get the amount of a principal invested at simple interest,
we use the formula, S = P(1 + rt). If the amount is known and we
want to get the principal, we solve the formula for P.

Example:

If money is worth 5% what is the present value of $1 05'due in one year?
Solution: ‘

Substituting S =105, r=.05,and t = 1 in (3)

105
P=T305%1 - $100.00

This means that $100 invested now at 5% should amount to
$105 in a year. Substituting in the amount formula verifies this.

S = 100(1 +.05x 1) = $105.00

Getting the present value of a sum due in the future in called
discounting. When the simple'interest formula is used to get the present
value, the difference between the amount and present value is called
simple discount. Note that the simple discount on the future amount
is the same as the simple interest. on the principal or present value.

16



EXERCISE 1 -3

1.

10.

What is the present value of $1500 due in 9 month if money is
worth 4%?

At an interest rate of 4% % what is the present value of $4300
due in 3 months?

At 6% interest what is the present value of $600 due in 6 months?

What is the present value of $600 due in 6 months at:
(a) 2%, (b) 3%, (c)4%?

- What is the present value of $100 due in 1 year at:

(a) 4%, (b) 5%, (c) 6%?

At 5% find the present value of $2000 due in: (a) 3 months;
(b) 6 months; (c) 9 months.

. A man can get a building lot for $3000 cash or $3100 in one

year. He has the cash but can invest it at 4%. Which is more
advantageous to him and by how much now?

If a person can earn 4%% on his money, is it better to pay $1990
cash for an item or to pay $2090 in a year? Give the cash
equivalent of the savings resulting from adopting the better plan?

A man may discharge an obligation by paying either $200 now or
$208 in 6 months. If money is worth 4% to the man, what is the
cash equivalent of choosing the better plan?

A man can settle a debt by paying either $1475 now or $1500 in
3 months. If the man can earn 4% on his money, which plan is
more advantageous and by how much now?

17




CHAPTER 2

COMPOUND INTEREST

When interest is periodically added to the principal and this
new sum is used as the principal for the following time period and
this procedure is repeated for a certain number of periods, the final
amount is called compound amount.

P Fl =P2 F2=P3 F3=P4_ Fn_1=Pn Fn
0 1 2 3 n-1 n
2.1 Derivation of the Compound Formula.
Let P = Principal amount
F, = Amount at the end of period one
F2 = Amount at the end of period two
Fg = Amount at the end of period three
n = Amount at the end of period ‘n’
= P(1 +1n)
F, = P(1 +r). This F1 becomes the principal amount of
period two
. Fo = P(1+m)

= Py(l +1) = P(1 +1) (1 +1) =P(1 +1)2 Thus Fy
becomes the principal amount of period three

F, = P(1+rn)
= Pg(1 +1)=P(1 + 1) (1 +1) = P(1 + ). Thus

F .1 is the principal amount of period n.

F, = P(1+m) ’
= P (L+1)=P(1+n)™! (147
Foo= P+1)" e, (3)



In calculations of compound interest the interest for an
interest period is calculated of the principal plus the total amount of
interest accumulated in previous p:riods. Thus compound interest
means ‘interest on top of interest

Applications of compound interest go far beyond keeping
track of bank accounts. It is used for business and government
planning, gauging the health of the economy, making judgments
about the growth of the economy of a nation relative to other
national economics and for many applications.

Growth of $100 at Compound Interest Ratio Scale
$12,000
10,000

10%

AL

5,000 -

iRp~Z

/ .
N
///////' ’//////” ]

71Tl
\
d
I

N
\

* Therefore, compound interest is simple interest applied over
and over to a sum which is increased by the simple interest each time
it is earned.
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Example 1:

An investment of £20,000 at 10% three years find:
a) the simple interest earned
b) total interest if the interest rate is 10% compounded annually.

Solution:

a) Simple Interest:

P = ¥ 20,000 I = Prt
' 1
r = 10% = 2’OOOXT6X3
= 1 = B 6,000 Ans
10
n = 3 years
b) Compound Interest:
P = P 20,000 F = P(1+ )" ,
r o= 1 - 20,000(1+_;)
10 10/
n = 3 years = 20,000(‘1.10)3
A = B 26,620
I = F-P=26,620 = 20,000
B 6,620 ‘Ans

In many business transactions the interest is compounded
annually, semiannually, quarterly, monthly, daily, or at some other
time interval. The time between successive interest computations
is called the Conversion or Interest Period.

Let i = interest rate per conversion period
total number of conversion periods

=3
Il
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In most business transactions the practice is to quote an annual
interest rate and the frequency of conversion. From this information
the rate per period is determined. :

Example 2:

6% compounded semiannually means that 3% interest will be earned every
six months.

— The quoted annual rate (6%) is called the nominal rate.
F = P(1+i)"

= the amount at compound interest
= the principal

the rate per conversion period
the number of conversion periods

= = |
|

The factor (1 +i)" is called the accumulation factor or Amount
of 1 or single-payment compound-amount factor.

Example 3:

Find the compound amounts of }5”250,000 invested at 8% for 5 years.

Solution:
P = E250,000 F = P(1 +1)°
6 \5
r = 8% - 250,000 (1 + TEE)
- T%B' - 250,000(1.469328)
t = 5 years = B367,332 Ans

F = to be found out
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Ex.ample 4:

A principal of ﬂ] 0,000 is deposited at 6% for 10 years. What will be the
compound amount and the compound interest if the interest is compounded
annually, semiannually, quarterly, monthly?

Solution:

P = #10,000

r = 6%

= 10 years

Frequency of Rate per Number of Amount of 1.| Compound |Compound
Compounding period i | Conversion| (1 + i)" amount F. |interest
1l.Annually . 0.06 10 1.790848 17908.48 | 7908.48
2. Semiannually 0.03 20 1.806111 18061.11} 8061.11
3.Quarterly 0.015 40 1.814018 :18140.18 | 8140.18
4 .Monthly 0.005 120 1.819397 18193.97| 8193.93
Remark:

As the frequency of conversion is increased, interest is added
to principal more often, so the depositor has a larger amount to his
credit. '

EXample 5:
A depositor planned to leave B40,000 in a savings and loan association
paying 4%% compounded semiannually for a period of 5 years. However, at the

end of 2% years he had to withdraw B20,000. What will he have in his account
at the end of the original 5 year period?
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Solution:

At the end of 2¥% years, the amount in the account is

= P(1 +i)P
F = to be found out F = 40,000 (1 + 0.0225)5
P = P 40,000 = 40,000 (1.117678)
i = 23% - B 44,707.12
n = 5 periods

After withdrawing B20,000 he has a remainder of B24,707. 12
During the remainder of the 5 years this will grow to

F =P+
= 24707.12 (1 + 0.0225)
= 24707.12 (1.117678)
= B 27,614.60 Ans
Now 2% years Focal Date
B 400,000 deposit n=5 5 years n = 10
| | |
! ! |
¥ 20,000 Withdrawal
Rate: 41% compounded aémianﬂualy B x balance

2.2 Cash-Flow Diagrams or a time diagram:/ Present and future value

A cash-flow diagram is simply a graphical representation of cash
flows drawn on a time scale. The diagram should represent the
statement of the problem and should include what is given and what
is to be found. That 18, after the cash-flow diagram has been drawn,
an- outside observer should be able to work the problem by looking
at the cash-flow diagram. Time zero is considered to be the present
and time 1 the end of time period 1. The direction of the arrows
on the cash-flow diagram is important to problem solution. Therefore,
we use a vertical arrow pointing up to indicate a positive cash flow.
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Conversely, an arrow pointing down indicates a negative cash flow.
Example 1:
If a woman deposits 312,000 now, ,8’6,000 two years from now and

B8,000 five years from now, how much will she have in her account ten years
from now if the interest rate is 8%?

i = 8% ’[‘
.
R { i 10

2 5 6 8
0 % i i ] i
J'IZ,OOO B 6,000 B 8,000
Solution:

This is a problem for a future value. The first step is to draw
the cash-flow diagram

Method 1:
AFF =7
0 1 2 5 10
: B él',ooo
B 6,000 |
B 12,000

Find the future worth of each amount and then sum them up.

AMOUNT' B 12,000:

i = 8% = 0.08 COF = P+ DV

n = 10 years ’ = 12000(1 + .08)10
= 12000(2.158925)
= 25907.10
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AMOUNT B 6,000:

i - 8% . F .= 6000(1.08)8
n = 8 years = 6000(1.850930)
(starting year 2) = 11105.58

AMOUNT B 8,000

i = 8% COF = 8000(1.08)S
n = 5 years = 8000(1.469328)
' (starting year 5) ’ = 11754.62
. Total F = 25907.10 + 11105.58 + 11754.62
- B 48767.30 Ans
Method 2:
1= 8% AF =27
0 : 2 5 10
J’ B 6:%00 14
B 12,000 | _
‘ B 8,?00

The problem could also be solved by finding fhe present worth
in year zero of the 6,000 and E8,000 deposits and then finding the
future worth (year 10) of the total.

F(1 + i)™

= 6000(1.08)'2
= 6000(0.857339)
= B 5,14403

Present worth of B 6,000 is: P

Present worth of B 8,000 is: P = F(1 + )"

= 8000(1.08)'5
= 8000(0.680583)
= 5444 .66
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.". Total present worth (at year 0) is
= B 12,000 + 5,444.66 + 5,144.03 = 22,588.69
.". Total future worth (at year 10) is

F P(1 + 1)

22588.69(1.08)10 L 22588.69(2.158925)
B 48,767.29 Ans

Method 3:

2

A 1]
l—-—.->

B 6,000
B 8,000

10

>

First find the future worth of 12,000 at year 2, then sum it up
with §6,000. With this amount, find its future worth at year 5, and
add it with 8,000. The last step is to find the future worth of this
amount at year 10.

Future worth of B 12,000 at year 2.

F = P(1+ )" B 12,000(1.08)2 = 12000(1.166400)
‘B 13,996.80
At year 2 the total amount is B 6,000 + 13996.80

=B 19,996.80

Future worth of B 19,996.80 at year 5

F = P(1+ i)™ = 19996.80(1.08)°
19996.80(1.259712)
25190.21

At year 5 the total amount is B 8,000 + 25190.21
= B 33,190.21
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St. Uabriei s Liorary, Au

Future worth of B 33,

F = P(1 + i)™

190.21 at year 10

33190.21(1.08)°
33190.21(1.469328)

= P 48,767.30 Ans

Remark:

There are a number of ways the problem could be solved.
All answers should be the same, except for round-off error.

2.3 Use of Interest Tables.

To avoid the cumbersome task of writing out the formulas each
time one of the factors is used, a standard notation has been adopted
which represents the various factors. This standard notation, which
also includes the interest rate and the number of periods, will always
be of the general form (x/y, 1%, n}.

Where as: X represents what you ‘want to find’
y represents what is ‘given’
i represents the interest rate in percent
n represents the number of periods involved.

For Example:

(F/P, 6% 20) means find future value F when principal amount P is
accumulated for 20 periods and the interest rate is 6%.

Computations using Standard Notation

To find Given Factor Formula
F (P/F, 1%, n) = F(P/F, i%, n)
F P (F/P, i%, n) F = P(F/P, i%, n)
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Example 1:

How much money would you be willing to spend now in order to avoid
spending B10,000 seven years from now if the interest rate is 8%¢

Solution:
F = B 10,000
i = 8%

Q 1 £ 4 5 6

L.,
F = B 10,000 P = F(P/F, i%, n)
P = ? = 10,000(P/F, 8%, 7)
i = 8% = 10,000(0.583490)
n = J years =B 5,834.90 Ans
Example 2:

Find the compound amount of B20,000 invested for 10 years at 8%
compounded quarterly.

Solution:
i = 2%

0 1 2 3 4 5 6 7 8 9 10]\

i i 1 4 4 1 Y % 3

lp = §20,000
P = E20,000 F = P(F/P, i%, n)
F = 2 = 20,000(F/P, 2%, 40)
. 8 =
i = Z% = 2% /period 20,000(2.208040)
n = 10 x 4 = 40 periods = P44,160.80 Ans
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Example 3:

On January 1, 1961 we deposit B16,000 in a saving bank which pays 6%
per annum, and the interest is cpmputéd and added to the principal yearly on the
Is,t of January. How much will the B16,000 have grown by the I.St of January,
19667

Solution:

i=6% F=7

Jan 1,1961 1962 1963 1964 1965 1966]

i 1 A i i

l P = #16,000

P = P¥16,000 F = P(F/P, i%, n)

F = 2 = 16,000(Fr/P, 6%, 5)
i = 6% = 16,000(1.338226)

n = 5 years = PB21,411.62 Ans

EXERCISE 2 -1

1. Find the compound amount and the compound interest if $1000
is invested for 10 years at 2% ?

2. Find the compound amount and the compound interest if
$24,500 is borrowed for 3 years at 5% converted monthly.

3. The day a boy was born, his father invested $200 at 3%%
compounded semiannually. Find the value of the fund on the
boy’s 18th birthday.

4. On a girl’s 8th birthday her parents placed $250 in her name
in an investment paying 3%% compounded semiannually. How
much will she have to her credit on her 21st birthday?
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10.

11.

12.

13.

.- A town increased in population 2% a year during the period 1950

to 1960. If the population was 18,000 in 1960, what is the
estimated population to the nearest hundred for 1970, assuming
that the rate of growth remains the same?

The sales of a business have been increasing at the rate of 3% a
year. If the gales in 1968 are $250,000, what are the estimated
sales to the nearest thousand dollars for 19732

Find the amount of $6000 for 8 years at 4% nominal,
compounded: (a) annually; (b) semiannually; (c) quarterly;
(d) monthly.

Find the amount of $10,000 for 10 years at 6% compounded:
(a) annually; (b) semiannually; (c) quarterly; (d) monthly.

What amount of money will be required to repay a loan of $6000
on December 31, 1974, if the loan was made on December 31,
1968, at a rate of 5% compounded semiannually?

On June 1, 1965, a man incurred a debt of $3000 which was to
be repaid on demand of the lender with interest at 3% converted
semiannually. If the lender demanded payment on December 1,
1973, how much would he receive?

On June 30, 1974, a' man put $15,000 in a deferred savings
account paying 6% converted quarterly. Find the amount in the
account when it matures on June 30, 1980.

As part of her retirement program, a woman put $12,000 in
a deferred savings account paying 5% converted quarterly. The
investment was made on her 57th birthday on August 15, 1973.
What will be the maturity value of this account if it matures
on her 62nd birthday?

On June 30, 1966, a man deposited $850 in a building and loan
paying 4%% compounded semiannually. How much will he get
if he draws out his money on June 30, 1973?
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14.

15.

16.

17.

18..

19.

20.

21.

What amount of money will be required‘to repay a loan of
$1835.50 on July 1, 1973, if the loan was made on October 1,
1969, at an interest rate of 5% compounded quarterly?

A person put $2500 in a savings and loan association paying 4%
converted quarterly. He planned to leave the money there 6 years.
and then use it for a trip. At the end of 2 years he had to with-
draw $500. What was the amount in his account at the end of
the original 6-year period?

What would be the answer to Problem 15 if the $500 withdrawal
was made at the end of 4 years?

On July 1, 1969, a man put $5000 in a savings and loan associa-
tion paying 4% converted semiannually. On January 2, 1971,
he withdrew $2500 from his account. What was the balance in
his account on January 2, 1974?

Interest dates for a bank are May 1 and November 1. Interest
on savings accounts is 4% conveérted semiannually. . A depositor
opens an account on May 1, 1970, with a deposit of $1500. He
withdraws $500 on November 1, 1971, and deposits $1000 on
May 1, 1973. What is the balance in his account on May 1, 1974?

During the period 1965 to 1970 the annual earnings per share of
Standard Oil Company of California increased about 5% a year.
If the earnings in 1970 were $5.36, the same rate of increase
would result in what predicted per share earnings in 1975?

During the period 1967 to 1971 the annual earnings per share of
The Colorox Company increased about 6% a year. If the earnings
were $1.68 in 1971, the same rate of increase would result in what
predicted per share earnings in 1975?

On June 30, 1967, Charles Moser borrowed $3000 at 4%

converted semiannually. How much would he have to repay on

September 28, 1974. Use Bankers’ Rule for simple interest
computation.
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22.

23.

24.

25.

26.

217.

28.

29.

30.

Find the amount of $750 for 4% years at 5% effective.

If $6000 in borrowed for 5 years and 4 months at 4%%
converted semiannually, what amount would be required to repay
the debt? ‘

What is the amount of $40,000 for 6 years and 3 months at 4%%
converted semiannually?

To what sum of money does $2000 accumulate in 3 years and 5
months at 6% compounded semiannually?

On June 1, 1970, a debt of $4000 was incurred at a rate of 6%
What amount will be required to settle the debt on September 15,
1974? Use Bankers’ Rule for simple interest computation.

A savings and loan association advertises ‘instant interest’. Funds
received by the 10th of the month earn interest from the 1st.
Interest is paid at the rate of 4% converted quarterly. Interest
dates are March 31, June 30, September 30, and December 31.
Interest is paid to the date funds are with-drawn. A man deposits
$2000 on January 7, 1972. If he closes out his account on
Janaury 30, 1974, how much will he get? Allow simple interest
for 1 month.

Another depositor put $5000 on April 8, 1970, in the savings
and loan association in Problem 27. He closed out his account
on November 30, 197%. What was the balance at that time?
Allow simple interest for 2 months.

Four thousand dollars was invested for 12 years. During the first
5 years the interest rate was 5% converted semiannually. The
rate then dropped to 4%% converted semiannuaily for the
remainder of the time. What was the final amount?

A principal of $6500 earns 4% effective for 3 years and then 3%%
compounded semiannually for 4 more years. What is the amount
at the end of the 7 years?
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$1. William H. Maguire bequeathed $400,000 to a university for the
construction of a science building. The university got 4% on
this investment for 9 years. The rate then dropped to 3%%. If
the building was built 25 years after the gift was received, how
much was in the fund at that time?

32. An investment of $3000 earns 3% for 2 years, then 2%%
compounded semiannually for 4 more vyears, then 4%
compounded semiannually for 2 years. Get the amount at the end
of .the 8 years.

2.4 Continuous Compounding.
Interest is costomarily expressed on an annual basis.

If r isthe annual interest rate
t is the number of years and
m is the frequency per year of compounding

The compound interest formula becomes:
P e R

Certain assets earn on a continuous basis throughout the year.
For example, capital equipment that is used in the manufacture of
daily output contributes a continuous flow of earnings to the firm.
The rate of return of this equxpment is somewhat distorted if it is
assumed that the return occurs only .once each year. The actual
rate of return should be calculated by incorporating the continuous
flow of earnings into the formula.

The compound amount formula can be modified to incorpo-
rate continuous compounding. We must determine the effect of ‘m’
approaching infinity on the compound amount formula.

In calculus, it is shown that as m becomes infinite, the

expression (1 +J~) approaches a limtt. This limit, designated by the
symbol, e, has been calculated to thousands of deqmal places. Thus
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e = limit (1 +1)™ = 2.7182818285

Therefore, the formula for the amount for continuous
compounding reduces to:

F =Pt

Example 1:

Assume the ,B’200,000 is invested for 10 years at an annual interest rate
of 6 percent. Compare the amount if the principal is compounded continuously
and if it is compounded annually. '

SOLUTION:

For continuous compounding:

rt (0.06)10

F = Pe 200,000e

200,000e° -©

200,000 (1.822)
¥364,400

For annual compounding:

F P(1 + r)t

200,000 (1 .06)10
200,000 (1.790848)
¥358,169.60

F

.. The difference over the 10-year period between continuous
compounding and annual compounding is $6,230.40 Ans
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Example 2:

If ¢2,000 is invested at an annual rate of 5 percent compoundefi
continuously, find the compound amount at the end of (a) 1 yeor and (b) 5 years,

Solution:
rt
a) Here P = B2,000 F = Pe
= 0. )
r 05 — 20006¢0-05) (1)
=1 ~ 2000(1.0513)
= W§2102.60 Ans
rt
b) P = 2,000 F = Pe
r = 0.05 50006 (0-05) (5)
t = 5 years ~ 2000(1.2840)
= P2568 Ans

Example 3:

A trust fund is being set up by a single payment so that at the end of 20
years there will be B50,000 in the fund. If interest is compounded continuously
at an annual rate of 7 percent, how much money should bé paid into the fund
initially?

Solution:
Here F = F500,000 F = pef®
r =17 -
percent or P = Fe rt
t = 20 years. (0.07) (20
= 500,000e " ° )
%~ 500,000(0.24660)
= PB123300
The present value is B123300 Ans
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EXERCISE: 2-2

In Problems 1 and 2, find the compound amount and compound
interest if $4000 is invested for six years and interest is compounded
continuously at the given annual rate.

1.

5% %. 2. 9%.

In Problems 3 and 4, find the present value of $2500 due cight years
from now if interest is compounded continuously at the given annual

rate.
3. 6% %. 4. 8%.
5. If $100 is deposited in a savings account that earns interest at an

10.

annual rate of 5% percent compounded continuously, what is the
value of the account at the end of two years?

If $1000 is invested at an annual rate of 6 percent compounded
continuously, find the compound amount at the end of eight

* years.

The board of directors of a corporation-agrees to redeem some of
its callable preferred stock in five years. At that time $1,000,000
will be required. If the corporation can invest money at an annual
interest rate of 6 percent compounded continuously, how much
should it presently invest so that the future value is sufficient to
redeem the shares?

A trust fund is being set up by a single payment so that at the end
of 30 years there will be $50,000 in the fund. If interest is -
compounded continuously at an annual rate of 5 percent, how
much money should be paid into the fund initially?

If interest is compounded continuously at an annual rate of
.05, how many years would it take for a principal P to triple?
Give your answer to the nearest year.

If interest is compounded continuously, at what annual rate will
a principal of P double in ten years? Give your answer to the
nearest percent.
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2.5 Effective Interest Rates:

The effective rate is the rate converted annually that will
produce the same amount of intcrest per year as the nominal rate
converted n times per year. We can determine the effective rate by
puiting different rates and frequencies of conversion on a comparable
basis.

If the nominal rate is 6% converted annually, the effective
rate will also be 6%. But if the nominal rate is 6% converted
semiannually, the amount of K1 at the end of one year will be (1.03)2
= F1.0609. This is simply the accumulation factor for a rate per
period of 3% and two periods.

The interest on B1 for one year is then = ¢1.0609 — Iél
= $0.0609
6.09%

This is equivalent to an annual rate of

Thus 6.09% converted annually would result in the same
amount of interest as 6% converted semiannually. The computations
used to get the effective rate of 6.09% in this case can be summarized
as follows:

1.0609 = (1.03)2
effective rate = 1.0609 -1
= 0.0609
= 6.09%

Putting the above relationship in the form of a general
equation we have
1 + effective rate = (1 +i)?

L effective rate = (1 + i)n —

where:

[y

the rate per conversion period ='§~1
frequency of conversion.

=3
1l

37



For the effective rate which corresponds to an annual rate
of ‘r’ compounded continuously is

effectiverate = e’ — 1

Note:

1. The nominal rate is the quoted or stated rate. When a nominal
rate is quoted, the frequency of compounding should be
stated.

* 2. The rate per period (symbol i) equals the nominal rate divided
by the number of conversion period per year.

3. The effective rate is the rate actually earned in a year.

Example 1:

Find the effective rate of interest equivalent to 8% converted
semiannually.

Solution:
8% . 2
1= 3= = 4% r = (1.04)"-1
0 o= o = 1.0816 - 1
= 0.0816
= 8.16%
Thus 8.16% compounded annually will produce the same
amount of interest as 8% compounded semiannually. Ans
Example 2:

To what amount will £12,000 accumulate in 15 years if invested
at an effective rate of 5 percent?
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Solution:

Since an effective rate is the actual rate conpounded

annually, we have

F = 12,000(1 .05)15

=~ 12,000(2.078928)
~ $24,947 .14 Ans

Example 3:

Find the effective rate which corresponds to an annual rate of 5

percent compounded continuously.

Solution:

The effective rate is = er— 1
_ eO'OS— 1
=~ 1.0513 -1
= 0.0513
or = 5.13% Ans

EXERCISE 2 -3

1.

What is the effective rate of interest equivalent to 10% converted
(a) semiannually; (b) quarterly?

What is the effective rate of interest equivalent to 7% converted.
(a) semiannually; (b) quarterly?

Which gives the better annual return on an investment, 6% %

converted annually or 6% converted quarterly? Show the figures
on which you base your answer.
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Which rate of interest gives the better annual vyield, 4%
compounded monthly or 4%% compounded semiannually? Show
the figures on which you base your answer.

A savings and loan association in California advertised that they
are paying 5.25% converted dally According to the ad, this is
equivalent to an effective rate of 5.39%. An investor in Ohio
has his money in an account paying 5% converted quarterly. If
the Ohio investor transfers $10,000 to the California association,
he will get about how much additional interest a year?

A company has $50,000 to invest. What would be the difference
in interest at the end of a year between earning 5% converted
semiannually and 5% converted quarterly?

Complete the following table showing the effect of frequency of
compounding on effective interest rates. Use the 3% values as
a check on your work. Answers not available in this text have
been obtained from more extensive interest tables.

Nominal - Effective Rate if Compounded:
Annual Rate Semiannually Quarterly Monthly
3% 3.02% 3.03% 3.04%
6
S 9.20
12
15 15.56 15.87
18 18.81 19.25
21 22.10 22.N
24 25 .44
27 28.82 29.86
30 32.25 33.55

A $6,000 certificate  of deposit is purchased for $6,000 and is
held 7 years. If the certificate earns 8 percent compounded
quarterly, what is it worth at the end of that period?

How many years will it take for a principal of P to triple at the
effective rate of r?
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10.

11.

12.

13.

14.

A major credit-card company has a finance charge of 1% percent
per month on the outstanding indebtedness. (a) What is the
nominal rate compounded monthly? (b) What is the effective

rate?

How long would it take for a principal of P to double if money
is worth 12 percent compounded monthly? Give your answer to
the nearest month,

To what sum will $2,000 amount in 8 years if invested at a 6
percent effective rate for the first 4 years and 6 percent
compounded semiannually thereafter?

How long will it take for $500 to amount to $700 if it is invested
at 8 percent compounded quarterly?

An investor has a choice of investing a sum of money at 8 percent
compounded annually, or at 7.8 percent compounded semi-

annually. Which is the better of the two rates?

In Problems 15 - 18, find the effective rate of interest which

corresponds to the given annual rate compounded continuously.

15.

17.

19.

20.

4%, 16. 7%,
10%. 18. 9%.

What annual rate compounded continuously is equivalent to an
effective rate of 5 percent?

What annual rate r compounded continuously is equivalent to a

nominal rate of 6 percent compounded semiannually?
Hint: Firstshow that r = 2 1n 1.03.
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CHAPTER 3

ANNUITIES

ANNUITIES:

An annuity is a sequence of periodic payments, usually equal,
made at equal intervals of time. For example, payments of rents,
life insurance premiums, and installment payments.

When the payments are due or made at the ends of the payment
intervals, the annuity is called an ordinary annuity. When the pay-
ments are due or made at the beginnings of the payment intervals, the
annuity is called anannuity due.

Example:

Mr. A buys a television set for a cash payment of }9/12,000 followed by
12 monthly installments to ,B'I ,000 each, the first due 1 month after the date of
sale. (Analysis: The monthly installments constitute an ordinary annuity whose
term starts on the day of sale and continues for 1 year. The payment interval is
1 month).

In this chapter we shall work with the ordinary annuity which
has the periodic payments made at the end of each period.

3.1 Amount of an Ordinary Annuity:

The final value of ‘annuity’ is the sum of all the periodic
payments and the compound interest on them accumulated to the end
of the term. In the case of an ordinary annuity, this will be the value
of the annuity on the date of the last payment.

Example 1:

Starting 1 year from now, a man deposits ,51 0,000 a year in an account
paying 8% compounded annually. What amount does he have to his credit just
af ter making the 4th deposit?
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Solution:

Focal Date

. } ? ,3 4 years
Now 10,000  ¥10,000 P10,000  ¥10[,000

L——-———~— 10,000(1.08)

10,000(1 .08)2

10,00001 ,08)3

Starting with the last payment and accumulating all of them
of the focal date, we have

4th payment = §10,000

39 payment 10,000(1.08)" = B10,800

o™ L ayment 10,000(1.08)2 = Bi1,664

15% payment 10,000(1.08)° = P¥12,597.12

.". Amount of the annuity = P45,061.12 Ans

If there are mary payments, the above method for getting the
amount would require too much work. We now derive a general
formula for the amount of an annuity of n payments of 1 each
and a rate of i per period.

1 2 n-2 n-1 Annuity ends

Annuity begins EIT ElT _____ lm IET oF payments
l s 1(1 + 1)
, 101+ i)2
s (1 + i)n_2

> 101+ )

Symbol S
ymo,ﬁ_‘

S__], is used to represent the amount of n payments of B1 each when
M1 interest rate per period is’ i.
(This amount can be termed as the Future Value)

(read ‘s sub n’ or ‘sangle n’)

43




1

1 .2 . n-2 . n—
.. Sﬁ]i L NGBS DR [ RS 1 R SR + 1 {1+1) + 1{1+1)

By using the formula to find the sum of the terms in geometric
progression

s = a(z” - 1) . {a the first term

I
L]

r -1 r = Common ratio (1 + 1)
- Coalasn™ 1) g -
Tt ﬁ]i - (1+i) - 1 - i

This factor is called ‘Amount of an Annuity of 1 per period’
If the periodic payment is ER per period instead of B1, we indicate
the total amount of the payments by the symbol 8 .

.\n
.. 8 = R S_ . = BLL_i_iL__:~l

n ni i
Sn . = Amount of an ordinary annuity of n payments
R = periocdic payment or rent
Sﬁ.I or Sﬁ]i = Amount of 1 per period for n periods at the
rate of 1 per period.
Example 2:

A father of a family will deposit ﬂ500 for his son at the end of each quarter
in a saving fund that earns interest at the rate of 6%, compounded quarterly. How
much will he have in the fund at the end of 10 years.

a) he has nothing in the account to-day
b) he has 520,000 in the fund at présent?

Solution:

a) He has nothing in account to-day

S = .S = 500 8 3

n n 0] 5 *
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o
]

B500

=]
]

4x10 = 40 periods

500(54.267894)
= 27133.95

It

It

B27,133.95 Ans

b) He has B20,000 in the account to-day

Total S =
n

Example 3:

.\n
Rsﬁ_‘i + P(1+1)
27133.95 + 20,000(1.015)
27133.95 + 20,000(1.814018)
27133.95 + 36280.36

§63,414 .31 Ans

40

Starting 1 year from now, ¢ man deposits }f500 @ year in an dagccount
paying 4% interest compounded annually. What amount does he have to his

credit just after making the

Solution:
= 7
n
R = K500
n = 4
i = 4%
Example 4:

4 th deposit?

Sn = 500 8214%

500(4.246464)
B2,123.23 Ans

i

Find the amount of an ordinary annuity of K500 every 3 months for
12 years at 6% compounded quarterly. '

Solution:

S W
It it
> wL
W wu
=
o

S = 500 S 3
S
n 18] 3
- 500(69.565219)
- P34,782.61 Ans
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EXERCISE: 3 -1

1.

Find the amount of an annuity of $5000 per year for 10 years
at: (a) 3%; (b) 4%. Interest is compounded annually.

Find the amount of an annuity of $1200 at the end of each 6
months for 5 years if money is worth: (a) 4%; (b) 5%; (c) 6%.
All rates are converted semiannually.

A man puts $100 every 3 months in a savings account that pays
5% compounded quarterly. If he makes his first deposit on
June 1, 1964, how much will he have in his account just after he
makes his deposit on December 1, 1973?

Every 3 months a family puts $50 in a savings account that pays
5% compounded quarterly. If they make the first deposit on
August 1, 1964, how much will be in their account just after they
make their deposit on February 1, 1974?

What is the amount of an annuity of $100 at the end of each
month for 6 years if money is worth 4% compounded monthly?

Find the amount of an annuity of $35 at the end of each month
for 12 years if money is worth 5% converted monthly.

To provide for his son’s education, a man  deposits $150 a year
at the end of each year foi 18 years. If the money draws 3%
interest, how much does the fund contain just after the 18th
deposit is made? If no more deposits are made, but if the amount
in the fund is allowed to accumulate at the same interest rate,
how much will it contain in 8 more years?

Two hundred dollars at the end of each year for 6 years is equiva-
lent in value to what single payment at the end of 6 years if the
interest rate is 6% effective?

A child 12 years old received an inheritance of $400 a year. This
was to be invested and allowed to accumulate until the child
reached the age of 21. If the money was invested at 4% effective
and if the first payment was made on the child’s 12th birthday
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10.

11.

12

18.

14.

15.

and the last payment on his 21st birthday, what amount did he
receive when he reached the age of 21°?

A man deposits $125 at the end of each 3 months for 5 years in
a fund that pays 5% converted quarterly. How much will he have
to his credit just after the last deposit is made?

A man deposits $300 at the end of each year for 3 years in an
investment paying 3% converted annually. He then allows his
account to accumulate for 2 more years without making any more
deposits. What is the amount in his account at the end of the
b years?

On March 1, 1968, a man deposited $150 in an investment that
pays 3% converted semiannually. He continues to make $150
deposits every 6 months until September 1, 1974, when he makes
his final deposit. If he lets the money continue to draw interest,
how much will he have in his account on March 1, 1976?

A fam. y has been paying $75.50 a month on their home. The
interest rate on the mortgage is 5% compounded monthly.
Because of sickness they miss the payments due on May 1,
June 1, July 1, and Augustl. On September 1 they want to make
a smgle payment which will reduce their debt to what it would
have been had they made all payments on time. What single
payment on this date will be equivalent to the 5 payments from
May to September inclusive?

A dealer purchased merchandise and agreed to pay $200 on
August 1, September 1, October 1, November 1, and December 1.
He was to be charged 6% converted monthly on any payments
not made on time. He made the August payment, but let all the
others go to December 1. At that time what payment did he have
to make to settle all his obligations?

A person has an income of $250 every 3 months from preferred
stocks. He deposits this in a savings and loan association paying
5% converted quarterly with interest dates on March 31, June 30,
September 30, and December 31. If he makes his first deposit on
June 30, 1965, and his last deposit on December 31, 1969, how
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16.

17.

much will be in his account just after he makes the last deposit?

In 1949, a man put $500 in common stocks. He continues to
make the same deposit every year. If the stocks increase in
market value at about 4% a year, what will be the value of the
man’s portfolio just after he makes his purchase in 1966?

To provide for a son’s education, a man opens an account with a
deposit of $300 in a savings and loan association which pays 4%%
converted semiannually. The first deposit is make on the boy’s
6th birthday on June 23, 1960. (This deposit will earn interest
from July 1.) Additional deposits of $100 each are made every
6 months. How much will be in the account on the interest date
immediately following the boy’s 18th birthday?

3.2 Present value of an Ordinary Annuity:

The present value of an annuity is the sum of the present

values of all the payments of the annuity.

To get the present value-we shall assume an annuity of n

payments of B1 each and a rate of i per period. We then discount
each payment to the beginning of the annuity. The sum of these

discounted values is designated by the symbol 2, or a
nl

i

Present Value of Ordinary Annuity of n Payments of Pl

Annuity Annuity ends
begins
1 2 n-1 n payments
t n + —— I} J‘
' B B B B
. -1
1{1+1)
10141) 72
a
LR PRIty

-«

1+1) 7




- G+ s RS + (1+i)_(n_1) + s

- - aﬁ‘
Using the formula to find the sum of the the terms in geometric
n ' -1
. alr - 1) Cfa = (1+1)
Progression: S = P where : {b - (1+i)_1
N _A\n
@™ [ (0s0™)" < 1)
arT]i = 3
(+i)7 -1

Multiplying numerator and denominator by (1 + i)

ami = )™ o1 s+ -
1T - (1+1) 1 -1 -
A+i)™ -1 1= as "

T3 - i

If the periodic payment is }{R per period instead of ﬁ( 1, we
indicate the present value of the annuity by the symbol A}

R[1 - (1+1) "]

An = R arT'Ii = i
An = present value of an ordinary annuity of n
payments
R = periodic payment
an_l or arT]i = Present Worth of 1 per period for n periods at
the rate i per period.
Example 1:

A man wants to provide a ﬁ6,000 scholarship every year for 10 years.
The first scholarship is to be awarded one year from now. If the school can get
a 4% return on their investment, how much money should the man give now?

Solution:
= R &
An dm i
A = 7 =
N An 6000 am 4%
R = P6,000 = 6000(8.110896)
n = 10 = JP48,665.38 Ans
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Example 2:

Mr. A agrees to pay Mr. B B20,000 at the end of each year for 5 years. If
money is worth 8%.

a) what is the cash equivalent of this debt?

b) If Mr. A does not make any payments until the end of 5 years, how
much should he pay at that time if this single payment is to be
equivalent to the original payments using an interest rate of 8%?

Solution:
= R
An arT]i
An = 7 An = 20000 a5 go,
R = PB20,000 = 20000(3.992710)
n = 5 years = PB79,854.2 Ans
i o= 8%

(b) If a payment is made after it is due.

Sn = RSmi

Sn = 7 Sn = 20000 SS_l 8%
R = §20,000 = 20000(5.866600)
n = 5 = PB117,332 Ans
i = 8%

Check:

Thus B79,854.2 now is equivalent in value to the five ﬂZ0,000
payments at the end of each year if money is worth 8%. Likewise
B117,382 in five years is equivalent in value to the original
obligations.

79854 .2 (1 .08)5 = 79854.2(1.469328)
¥117,332 Ans

It
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EXERCISE: 3 - 2

Find the present value of an ordinary annuity of $5000 per year
for 10 years at: (a) 3%; (b) 4%. All rates are converted annually.
Carry the present value for the 3% rate forward 10 years. How
does the accumulated amount compare with the amount of an
annuity of $5000 a year.

Find the present value of an ordinary annuity of $750 at the end
of each year for 8 years at: (a) 2%; (b) 4%; (c) 6%; (d) 8%.

Find the present value of an ordinary annuity of $1200 at the
end of each 6 months for 5 years if money is worth: (a) 4%;
(b) 5%; (c) 6%. All rates are converted semiannually.

If money is worth 4%% converted semiannually, what is the
present value of $145.50 due at the end of each 6 months for
2 years?

A television set is bought for $50 cash and $18 a month for 12
months. What is the equivalent cash price if the interest rate
is 24% converted monthly?

A refrigerator can be purchased for $57.47 down and $20 a month
for 24 months. What is the equivalent cash price if the rate is
30% converted monthly?

Find the cash value of a car that can be bought for $400 down
and $80 a month for 24 months if money is worth 18% converted
monthly.

An heir receives an inheritance of $500 every half year for 20
years, the first payment to be made in 6 months. If money is
worth 4%% converted semiannnually, what is the cash value of
this inheritance?

A contract for the purchase of a home calls for the payment of
$81.90 a month for 20 years. At the beginning of the 6th year
(just after the 60th payment is made) the contract is sold to
a buyer at a price which will yield 5% converted monthly. What
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10.

11.

12.

13.

does the buyer pay?

A man wants to provide a $3000 research fellowship at the end of
each year for the next 4 years. If the school can invest money at
4%, how much should the man give them now to set up a fund for
the 4 scholarships?

A home was purchased for $3000 down and $100 a month for 15
years. If the monthly payments are based on 6% converted
monthly, what was the cash price of the house?

An apartment was purchased for $6000 down and $500 at the
end of each 6 months for 8 years. If the payments are based
on 5% converted semiannually, what was the cash price of the
apartment?

If a person can get 4% converted semiannually on his invested
money, is it better for him to pay $11,500 cash or $3000 down
and $1000 every 6 months for 5 years for a store building?

3.3 Extension of Tables:

In some problems the number of payment is greater than

can be found directly in the tables. Such problems can be solved by
dividing the annuity into parts and then accumulating or discounting
the amount or present value of each part of annuity to the desired
point in time. '

Example 1:

Find the amount of an annuity of }3’2,000 at the end of each month

for 30 years at 6% converted monthly.

Solution:

n = 360 payments. Divide the annuity into 2 annuities
of 180 payments each.
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The amount of the first 180 payments is

= R
Sn Sr_ﬂi '

S = 2000 s

180 185|%%
= 2000(290.818712)
= W581,637.42

This amount of the first 180 paymetns at the end of the
term would be obtained at compound interest.

P(1+i)"

= 581637.42(1 .005)180
= 581637.42(2.4540936)
= P1,427,392.67

F

il

The amount of the second 180 payments will be the same
amount as the first 180 payments B581,637.42
Total amount is 1,427,392.67 + 581,637.42
¥2,009,030.09 Ans

Focal Date

J
1

0 1 2 180 360
i
1
'

first 180 periods ~— 581637.42(1 ;005)180—-—) 1,427,392.67

Amt .,of annuity

for -second: 180

periods ————— 3 5,81637.42
Total Amt. = B2,009,030.09 Ans

Example 2:

Find the present value of an annuity ofﬂ’l 00 at the end of each month
for 30 years at 6% converted monthly.

Solution:

Divide the annuity into 2 annuities of 180 payments each.
The present value of the first 180 payments is
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n o)z
100 = 100(118.503515)
A7B0] %%

B11,850.35

The present value of the second 180 payments at a point of
time one period before 181 at paymentis also = B11,850.35. Toget
the value of the second 180 payments at the beginning of the term
is by means of compound interest.

R(1+i)-—n
11850.35(1.005)
11850.35(0.407824)
p4,828 .81

P

180

|

i

The total present value is $11,850.35 + 4,828.81

= F¥16,679.16 Ans
Focal Date
0 180 360
b L A
Present Value !
¥11,850.35 ——of First«————:
Annuity .
i
' -180
B11,850:35(1.005) — Present Value —
i of Second
) Annuity
4,828.81 .
¥16,679.16 = Total present !
Value :
[}
‘

EXERCISE: 3 - 3

1. Find the amount of an annuity of $40 at the end of each year for
80 years if money is worth 3%.
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2. What is the amount of an annuity of $60 at the end of each month
for 30 years at a rate of 5% converted monthly?

3. Find the present value of the annuity in Problem 1.
4. Find the present value ot the annuity in Problem 2.

5. A home can be purchased for $5000 down and $200 a month for
20 years. If the monthly payments are based on 5% converted
monthly, find the total cash price of the house.

6. An apartment can be purchased for $10,000 down and $1000
every 3 months for 18 years. If the payments are based on 5%
converted quarterly, find the total cash price.

2

-4 Annuity Due:

An annuity due is one in which the payments are made at
the beginning of the payment interval, the first payment being due
at once. Insurance premiums, and property rentals are examples
of annuities due.

To get the amount and present value formulas for the annuity
due, we modify the formulas already derived for the ordinary annuity
so that the ordinary annuity tables can be used with simple modifica-
tions.

Annuity Due of n Payments.

annuity due of n paymants

U,

T

-
Lot
E
=
=

Ordinary Annuity of ntl payaienls
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If we obtain the amount of an ordinary annuity of n+l
payments, we would have the amount of the corresponding annuity
due except that we have included a final payment which is not
actually made at the end of the last period of the annuity due. There-
fore all we have to do is subtract one payment to permit us to use
the ordinary annuity tables to get the amount of an annuity due.

The formula is:

= - R
Sn R Sn—+T|
or Sn = R(Sm - 1)

3.5 Present Value of an Annuity Due:

Annuity due of n payments

] VAN x
1 2 3 n-1 n
L i ] e | | i
alt ¥ | - ] 1
n-1} 1 2 n-2 n-1

Ordinary annuity of n-1 payments

If we obtain the present value of an ordinary annuity of n-1
payments, we would have the present value of the corresponding
annuity due except that we would not be including a payment which
is made at the beginning of the term of the annuity due. Therefore
all we have to do is add this first payment. The formula for the
present value of an annuity due is:

A =
R a_.ﬂ + R
A = +
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Example 1:

A man invest ,é4,000 at the beginning of each year for 10 years. If he
gets interest at 3%% effective, how much does he have to his credit at the end
of 10 years?

Solution:
sn = R(Sm - 1)
R = P4,000 S;p = 4000(Sq - 1)
n+l = 11 = 4000(13.141992 - 1)
i = 3% % = 4000(12.141992)
= P48,567.97 Ans
Example 2:

A student wants to have ,8(12,000 four years from now. How much
must he invest at the beginning of each year starting now if he gets 4%
compounded annually on his savings?

Solution:
S = R{(See. - 1)
n n+H1
sn
Ro= 7 or R 50 . = 1
n#' 1
s, = B12,000 c |as
o= A B 12000
n+t = 5 - 5.416323 -1
B 12000
4.416323
= E2,717.19 Ans
Example 3:

The premium on a life insurance policy is ﬂ1,200 a quarter payable in
advance. Find the cash equivalent of a year’s payments if the insurance company
charges 6% converted quarterly for the privilege of paying this way instead of all
at once for the year.
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Solution:

R = 1,200 = »
N An R(an’—‘l—l N + 1)
n-to= 3 1200¢ 1)
= a L+
i= 1k ElRLE

= 1200(2.912200 + 1)
= 1200(3.9122)
= ¥4,694.64 Ans

Example 4:

The beneficiary of a life insurance policy may take K200,000 cash or
10 equal annual payments, the first to be made immediately. What is the annual
payment if money is worth 6%?

Solution:
Focal Date
g Years

i

1
R R

o+ »
o + o
o 1~

o)
o4 -
el
o)
el

2]
li

B200,000 A = R(aﬁ] +

?
200000
a9-|69s + 1

200000
6.801692 + 1

200000
7.801692

B25,635 .46 Ans

n-1 = 9

Outstanding Balance.

A common financial problem in determining the outstanding
balance on a loan after several payments have been made.

Example 1:

A B10,000 loan is to be amortized with payments of K1 ,000 at the enq
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of each year and a final concluding payment. Find the number of full paylment's '
and the size of the concluding payment if the rete is*6% converted annually.

Solution: ,
$10,000 Focal Date
?
; years
debt ! 2 14 15 16
; . L AM . : :
¥ T 'A A4 L s ¥
B1,000 B1,000 B1,000 B1,000 Bx
payments
An = R am
A = 10,000 A
. __n__ 10,000 _ o
R = B1000  %mT R T T000 T

Then look for this factor in the ‘Present Worth of 1 per
period’ eolumn in Table, we find that there will be 15 full payments.
We get the concluding payment by taking the }fl0,000 forward as a
single sum for 16 years and subtracting the amount of an annuity due
of 15 payments.

10,000¢1.06)'® = 10,000(2.5403517) = B25,403.52
1000(51—5_:11 - 1) = 1000?24.672528) = P24,672.53
. 7. Concluding payment = B 730.99 Ans
Example 2:

A }3(48,000 refrigerator is sold for }{8,000 down, 17 payments of
B2,000 a month, and an 18th Balloon payment. If the interest rate is 24%
converted monthly, find the size of the balloon payment.

Remark:

An item is sold on time for a series of payments that the

borrower can meet. At the end there is a much larger payment.
This final amount to be paid is called balloon payment.
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Solution:

Focal Date

1 2 16 17 18 months
+ — t ---- + t {
2,000 2,000 2,000 2,000 Bx
Balloon
Payment
Rate: 24% Cenverted monthly

Price of the refrigerator is

Down payment is

Loan is

48,000

B 8,000

B40,000

At the end of 18 months, the total amount to be paid is

?

£40,000
24
12

%5 = 2%

18

F

P(1+1)"
40000(1.02)18
40000 (1 .428246)
B57,129.84

By 17 payments of £2,000 a month, we have already paid

S =
n

R(S

A i

2000(ST7:ﬂ s,

- 1)

- 1)

2000(20.412312)

2000(21.412312
B40,82462

.". The remaining amount or balloon payment to be paid is

i

B57,129.84 - 40,824 .62

B16,305.22

60

Ans
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EXERCISE: 3.4 Ot Gabriel's Library, Au

1. If money is worth 4% converted semiannually, what is the present
value of an annuity due of $500 every 6 months for 5 years?

2. At 5% converted monthly, what is the present value of an annuity
due of $45 every month for 12 years?

3. What is the amount of the annuity due in Problem 1?
4. What is the amount of the annuity due in Problem 2?

5. On July 6, 1967, a man deposited $250 in a savings and loan
association paying 4%% converted semiannually. Interest dates
are June 30 and December 31, and deposits made by the 10th of a
month earn interest for the entire month. This man continues
to make $250 deposits every 6 months up to and including
January 4, 1973, when he makes his last deposit. How much will
be in his account after interest is credited on June 30, 1973?

6. On June 1, 1967, a man deposits $200 in a savings and loan
association that pays 4%% converted semiannually. He continues
to make $200 deposits every 6 months. If he makes his last
deposit on December 1, 1973, how much will be in his account
on June 1, 1974? Interest dates are May 31 and November 30.
Deposits made by the 10th of the month eam interest for the
entire month.

7. A couple expects to need $4000 in June, 1974. In June, 1970,
they made the first of 4 equal annual deposits in an investment
paying 4%. What is the size of each deposit needed to accumulate
the desired amount?

8. A debt of $7500 is due in 10 years. The debtor agrees to settle
this debt with 10 equal annual payments, the first payment to be
made now. Find the size of the payment if money is worth 4%.

9. The premium on a life insurance policy is $15 a month payable
in advance. A policy holder may pay a year’s premium in advance.
Find the annual premium if it is based on 6% converted monthly.
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10.

11.

12,

13.

14,

15.

16.

17.

. 18.

A life insurance policy has premiwmns at the beginning of each
month of $25. Find the equivalent amnual premium at the
beginning of each year if it is based on 9% converted monthly.

The annual premium on a life insurance policy is $250 payable
in advance. However, payments may be made quarterly in
advance in which case the insurance company charges interest at
6% converted quarterly. Find the size of the quarterly payment.

The annual premium on a life insurance policy is $185 payable
in advance. What would be the monthly premiuom based on 6%
converted monthly?

A man has $5000 in a building and loan association which pays
4%% compounded semijannually. If he withdraws $500 at the
beginning of each half year, how many such withdrawals can he
make? What will be the size of the concluding withdrawal?

In Problem 13 how many $250 witdrawals could be made and
what would be the size of the concluding witdrawal?

Instead of taking $5000 from an inheritance, a person decides
to take 60 monthly payments with the first payment to be made
immediately. If interest is allowed at 3% converted monthly,
what will be the size of each payment.

Instead of taking $20,000 cash from an inheritance, the heir
elects to receive quarterly payments for 10 years with the first
payment to be made right away. If the money is invested at 4%
converted quarterly, what will be the size of each payment?

"A man wants to take out enough life insurance to provide 120

monthly payments certain of $150 each to his family. If the
first payment is to be made upon proof of the man’s death, he
should take out what size policy? Round the answer to the
nearest $1000. The insurance company pays 3% converted
monthly on money left with them.

A man is planning an insurance program which will pay 180
monthly payments certain of $200 each to his widow. The
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19,

20.

21.

22.

28

24.

insurance company will pay 3% converted monthly on money
left with them. If the first payment is to be made upon proof
of the man’s death, he should take out what size policy? Round
answer to nearest $1000.

A store can be rented for $300 a month payable in advance. If
the renter pays 3 months in advance, the owner will allow interest
at 5% converted monthly. What is the size of the payment at the
beginning of each 3 months that is equivalent to $300 at the
beginning of each month?

" A store can be rented for $350 per month payable in advance.

The landlord will accept a single cash payment at the beginning
of a year for a year’s lease if interest is computed at 5% converted
monthly. What would be the cost of a year’s lease?

A man knows that if he dies his wife will not get any
social security benefits until she reaches age 60. He has several
insurance policies. One for $10,000 is to be used to provide a
monthly income for her between the time he dies and she reaches
age 60. She is 53 at the time he dies and she elects to get 84
equal monthly payments from this policy with the first payment
to be made immediately, What will be the size of each payment
if 4% converted monthly is paid on the proceeds of this policy?

The widow in Problem 21 decides to wait until age 62 to start
receiving social security payments so they will be larger. She
elects to get 108 equal monthly payments from the $10,000
policy with the first payment to be made immediately. Find
the size of the payments.

On June 1, 1967, a man opened a savings account for his daughter
with a deposit of $25 in a bank paying 3% converted semi-
annually. If he continues to make semiannual deposits of $25
until December 1, 1974, when he plans to make the last deposit,
how much will be in the account on June 1, 1975?

A man invests $300 every year, making his first deposit on August
1, 1962, and his last deposit on August 1, 1972, How much
will be in his account on August 1, 1973, if he gets interest at 4%
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25.

26.

217.

28.

29.

compounded annually?

A man aged 25 is considering two types of life insurance policies.
The first is an ordinary life with an annual premium of $200 for
a $10,000 policy. The second is a twenty-year endowment with
an annual premium of $510. He decides to take out the ordinary
life and deposit the difference in premiums each year in an invest-
ment paying 4% compounded annually. If he dies just before
making his 17th deposit, how much will be in his savings account?
Allow interest for the year after the 16th deposit.

A man aged 30 is considering two $15,000 insurance policies.
The first is an ordinary life with an annual premium of $277.
The second is a 20-pay life with an annual premium of $410.
He decides to take out the ordinary life and put the difference in
premiums in an investment paying 3%%. How much will his
family get from this investment if he dies after interest is earned
on the 15th deposit but before he makes the 16th deposit?

A factory owner has a fire insurance policy for which the annual
premium is $300 payable in advance. If interest is 6% converted
annually, what would be the equivalent single premium which
would provide insurance for 5 years?

A home owner has been paying his insurance at the beginning of
each year. The annual premium is $60. At 8% converted annually,
what would be the equivalent premium for a three-year policy?

A $2200 used car is sold for $200 down, 23 payments of $80 a
month and a 24th balloon payment. If the interest rate is 18%
converted monthly, what is the size of the balloon payment?

3.6 Deferred Annuity:

A deferred annuity is one in which the first payment is not

made at the beginning or end of the first period but at some later
date. The interval of deferment ends one period before the first

payment.
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When the first payment is made at the end of 10 periods, the
annuity is said to be deferred 9 periods. Similarly, an annuity which
is deferred for 12 periods will have the first payment at the end of
13 periods.

The sketch shows a deferred annuity of n payments which is
deferred for m periods.

Deffered Annuity

An R R R R R
’L I 1 R 1 1 L 1 i | B i |
\\1 2 3 m 1 2 3. n:l/n
~ —
Deferment interval Payment interval
of m periods of n periods

To get a formula for the present value of deferred annuity.

Method 1:

Assume that a payment is also made at the end of each period
during- the interval of deferment (m periods). Then we would have an
ordinary annuity of (m + n) payments and the present value would be
R a - But this value includes the assumed payments during the
interval of deferment. These assumed payments also form an ordinary
annuity and their present value is R A

Therefore, to get the present value of deferred annuity is to
subtract the present value of the m assumed payments from the
present value of the {m + n) payments.

. An = Ram—Hn - Ram

An = R(am] - am) where;
An = present value of a deferred annuity
R = pericdic payment
= Present Worth of 1 per period.

. PR
dﬁ—l‘.+n and atﬁl
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Method 2:

L i i i e ) | 1 g -
0 1 2 3 g 1 2 3

__._ Ordinary Annuity

S —

An ¢—Compound Interest

Another method to find the present value of a deferred annuity
Is to use the present value of an ordinary annuity to get the value of
the payments one period before the first payment is made and then
discount this equivalent single sum for the m periods in the interval
of deferment.
1st step: To gét the value of the payments one period
before the payment is made
AO = Raﬁ]
2nd step: - To discount this equivalent single sum for the
m periods in the interval of deferment -

oAy = Ran (s ™

Example 1:

Find the present value of a deferred annuity of 13'10,000 a year for 10
years deferred 5 years. Money is worth 3%.

Solution:
Deferment interval (m) = 5 'years R = B 10,000
Number of payments (n) is = 10 i = 3%
A < R(arn-m i am_]i)
= 10,000Cagyg 5y, - a5y, )
= 10,000(11.93794 - 4.57971)
= 10,000(7.35823)
- B 73,582.3 Ans
Example 2:

Find the present value of an annuity of ,B’I,OOO every three months for
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5 years if the first payment is made in 3 years. Money is worth 4% converted

quarterly.
Solution:
n = 20 An = R(am+n . aﬁ1i )
. 4
=3 oo = 1000Caryoony 49 - 217y 19,)
m= 11 = 1000(26.5423 - 10.3676)
R =9 1,000 = 1000x16.1747
= $16,174.7  Ans
Example 3:

A woman inherits §400,000. Instead of taking the cash, she invests the
money at 3% converted semiannually with the understanding that she will receive
20 equal semiannual payments with the first payment to be made in 5 years.
Find the size of the payments.

Solution:
The interval of deferment (m) = 9 periods
The present value of the annuity (A ) = B 400,000
R ¥ ; "
i= 3% = 1%%
A = -
n T RleEmiis T %
A
R = e ™
e R
~ 400,000
95320] 1%~ 99 1%

400,000
23.3760756 - 6.3605173

400,000
15.015583

= [}26,639.04 Ans



EXERCISE: 3 -5

1. Find the present value of a deferred annuity of B10,000 a year
for 6 years deferred 5 years, if money is worth 4%.

2. Find the present value of a deferred annuity of E5,000 every
6 months for 4 years deferred b years and 6 months, if the rate
is 4% converted semiannually.

3. Find the value on September 1, 1972, of a series of B1,600
monthly payments, the first of which will be made on September
1, 1976, and the last on December 1, 1978, if money is worth 6%
compounded monthly.

4. Find the value on June 1, 1973, of a series of payments ofB’8,500
every 6 months if the first of these payments is to be made on
December 1, 1976, and the last on June 1, 1988. Use an interest
rate of 4%4% converted semiannually.

5. What sum put aside on a boy’s 12th birthday will provide 4 annual
payments of B40,000 for college expenses if the first payment is
to be made on the boy’s 18th birthday? The fund will earn
interest at 4% compounded annually.

6. What sum of money should be set aside today to provide an
income of B3,000 a month for a period of 5 years if the first
payment is to be made 4 years hence and money is worth 6%
compounded monthly?”

7. A child aged 12 wins 160,000 on a quiz program. It is placed
in a trust fund earning 4% converted annually. If she takes the
money in 4 equal annual payments with the first payment to be
made 6 years later, what will be the size of each payment?

8. Under the terms of a will, a child on his 18th birthday will recieve
B240,000. He will get F40,000 of this in cash. The remainder
will be set aside to provide a monthly income from his 21st to
his 25th birthday inclusive (n = 49). If the money is invested at
4% compounded monthly, what will be the size of the monthly
payments?
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10.

11.

12.

13.

14.

15.

16.

On his wife’s 59th birthday, her husband makes provision for
her to receive B%3,000 a month for 5 years with the first payment
to be made on her 65th birthday. If the investment earns 4%
converted monthly, how much money must be set aside?

On his 57th birthday a man wants to set aside enough money to
provide an income of B3,000 a month for 10 years with the
first payment to be made on his 60th birthday. If he gets 3%
compounded monthly on his money, how much will this pension
plan cost on his 57th birthday?

On June 1, 1968, a man deposits J60,000 in an investment paying
5% compounded annually. On June 1, 1974, he makes the first 4
equal annual withdrawals from his account. Find the size of the
withdrawals so that the account will be closed with the last
withdrawal.

If the account in Problem 11 had earned 4% interest, what would
be the size of the annual withdrawal?

A philanthropist gave a college JB800,000 on September 1, 1959,
with the provision that the money is to be used to provide annual
scholarships of ,5(80,000 with the first scholarship to be awarded
on the September 1 following his death. The money is invested at
4%. If the donor dies on June 18, 1974, how many full scholar-
ships can be awarded?

A widow decides to take the ﬁ(200,000 proceeds from an
insurance policy in payments of 4,000 a month with the first
payment to be made-in 5 years. How many full payments will
she get if the insurance company allows 3% converted monthly
on the money left with them?

On June 1, 1969, a minor reccived an inheritance of ,Kl?:0,000.
This was placed i a trust fund carning 3% compounded semi-
annually. On December 1, 1974, the child will reach age 18 and
be paid the first of 8 equal semiannual payments from the fund.
How much will cach payment be?

A school receives ﬂSO(),OOO in 1968. This is to be used to provide
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annual scholarships of 60,000 with the first scholarship to be
awarded in 1974. If the money is invested at 4%, how many full
scholarships can be awarded? How much will be left in the fund
one year after the last full scholarship to apply to a partial
scholarship?
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CHAPTER 4

INEQUALITIES AND LINEAR PROGRAMMING
FORMULATION AND GRAPHIC SOLUTIONS.

4.1 The nature of Inequalities:

Equations are used to represent a condition where two quanti-
ties are equal whereas inequalities express the condition that two
quantities are not equal.

Inequality Symbols.

< less than

> greater than both conditions cannot

< less than or equal to (no more than) { hold  simultaneously.

> greater than or equal to (no less than) {One and only one is
the case.

a) Strict inequalities: Those which items being compared can never
equal one another.

Example:
3<5 3 is less than 5
2>-5 2 is greater than -5
-10<-2 -10 is less than -2

0<2<5 2 is greater than 0 and less than 5
0<x<10 x is greater than 0 and less than 10

— The direction of the inequality symbol is referred to as the
sense of the inequality.

— The comparisons among three items (0 <2 <5 and 0<x <10)
are called Double Inequalities. ,
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b} Mixed Inequalities: Situations in which itemns being compared
may or may not be equal. The symbols used are

<L and >
< means less than or equal to.
> means greater than or equal to.

Example:

1) x € 25 implies that the variable x can assume values which are
less than or equal to 25.

2) The double inequality as 0 < x < 25 states that x may assume
values which are greater than or equal to 0 and less than or
equal to 25.

4.2 Inequality - Preserving Operations

1. We may add (subtract) the same quantity to (from) both
sides. ‘

Example:

3 <4 add 5 to both sides we get 3+ 5 <4+ 5
10 > 5 subtract 2 from both sides we get 10-2>5-2

2. We may multiply (divide) both sides by the same positive
number,

Example:

4 < 6 multiply both sides by 3 we get 4 x 3 <6 x 3 But if
we multiply both sides of an inequality by -3 the sense of
inequality has to be reversed.
4 < 6 multiply both sides by -3 we get

4x(-3)>6x(3) or -12>>-18
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3. If both sides of the inequality are always positive, we may
raise both sides to the same positive power.

Example:

5 > 3 raise both sides to the same positive power we get
52 > 32
25>9

4. If both sides of the inequality are always positive, we may
take the logarithm of both sides.

Example:

100' < 1000 Take logarithm of both sides we get
log 100 <log 1000 '

log 102 < log 103

21log10<3log 10

2<3

5.’ If two inequalities are of the same type <, <, > or ):we
may add (but not subtract) the inequalities and obtain an
inequalities of the same type.

Example:

we may add

N Qo
[A A
(@ SN

(&1
N
fo—
Qo

to obtain

|
|

Def: a) Conditional inequalities are iﬁequali ties involving a variable
and which hold for some values of the variables but not
others.




Example:

x > 10 is a conditional inequality, it holds only for all values of x greater
than 10.

b) Absolute inequalities are inequalities involving a variable
and which hold for all values of the variables.

Example:
x2 2> 0 is an absolute inequality; it holds for all real numbers,

c) 3<4 does not involve a vairable. It is an inequality
that always holds.
Intervals:
Let x be any variable and a and b be constants.
a <x <b is called the open interval from'a to b,
a x K b is called the closed interval from a to b.
a<x< b is called the open-closed interval from a to b.

a<{ x <b is called the closed-open interval from a to b.

The points a and b are called the end points of the interval.

4.3 Solution of Inequalities:
Solving an inequality means finding the region in which it
holds, in other words, finding the set of real numbers for which

it is true.

All inequalities can be written in standard form with zero
to the right of the symbol.
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Example:

x 210 in standard form it becomes
x-10 30

To solve for Conditional Inequalities, follow the following steps:

Solve as if the inequality were an equality.
Put it in Standard Form.

Solve for all x values such that f(x) = 0.
For one point in each segment, evaluate f(x).

At o~

If the inequality holds for the point chosen, it holds for the entire
segment.

I. Example 1:

X £ -2 Ans

Example 2:

2x + 3 < 4x + 9

2% - 4x + 3 -9 <0

- 2x - 6 <0
- 2x < 6
>6
)
X > - 3 Ans
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Example 3:

Example 4:

Example 5:

Example 6:

3x + 2 < 6x - 7
3x - 6x < -7 -~ 2

- 3x < -9

X >

- 2x >

3

3 >1

3x > 1

+

3x

+ 3

Ans

Ans

Ans

Ans



Example 7:

Example 8.

Example 9:

between the inequality signs.

a)

2x - 3 £5x -9

2% - 5x < -9 + 3

1

2

3x £ - 6

> 2

X +

X

(-

6x + 4(x - 2) < 24x -1

6x + 4x

ox + 4x

X

14x

>_1

< 7

P

- 8 < 24x -1

- 24x < -1 + 8

Ans

Ans

Solve each inequality; i. e. rewrite the inequality so that x is alone

3 <
7 <

x -4 £ 8
x £ 12
£ 3x € 12
< x <

Ans

Ans
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e) 3<2x -5<7 f) - 7&£2x +3<5

8 < 2x < 12 - 10 g 2x £ 2
4 < x< 6 Ans -5 < x g Ans
Example 10:

Solve for the x values where the following Conditional inequalities hold.

a) x2+4x+4>,0

(x + 2)2 > 0 for all x values

b) x3—2x2-—x+2>0
(x + 1)(x - NNx -2y >0
far « 1 > x > + 1

Ans

and for X > 2

c) x2—1<0
x4 D (x - 1) <0
X > -1 and x < 1
-1 < x <1 Ans

d) x2<0

never holds for x = a real number

Ans

1I. A company has a selling price for a particular product of B5 per unit. The
variable cost of production is ,ﬁ3 per unit, and they have fixed costs of
KI,OOO. They would like to know the values of sales that will give them
some positive profii‘.
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Solution:

Lett x boe units sold.

Revenue = pricé X quantity
= 5%
Variable cost’ = 3x
Fixed cost - = F1,000
total cost = 3x + 1000
Profit = 5x - (3% + 1000)
Positive Profit = f(x) = 5x - (3x + 1000) > 0

5% - 3x ~ 1000 > 0

2x > 1000
x > 500
The inequality holds for x » 500 - Ans

1.  The firm has low varigble costs initially, and that as space become limited,
costs begin to rise. Suppose that variable cost per unit is given by:

celx) =1 + 0.001x
They want to find x such that:-
fix) = 52 — (1 + 0.001x) - 1000 > O

Salution:
f(x) = 5x - (1 + 0.001x) x - 1000 3 0

5% ~ X = 0.001x2— 1000 > 0

- 0.001x2+ 4x - 1000 » O
0.001x2— 4x + 1000 ¢ 0

x2— 4000x + 1000080 ¢ 0

Using quadratic formula
(x - 268)(x - 3732) <0

The inequality hold for 268 < x < 3732 Ans

4.4 Application of Inequalities:

1. For a manufacturer of thermostats, the combined cost for labor and
material is ﬁ’80 per thermostat. Fixed costs (costs incurred in a given time
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Izeriod, regardless of output) are ,8/1,200,000. If the selling price of a
thermostat is ,B/140, how many must be sold for the company to earn a
profit?

Solution:

Let x be the number of thermostats that must be sold

Then their cost is = 80x
Total cost is = 80x + 1,200,000
The total revenue from the
sale of x thermostats will be = 140x
But Profit = Total revenue - total cost

and we want profit > 0. Thus
Total revenue - Total cost > 0
140 -~ (80x + 1,200,000) >0
140x - 80x - 1,200,000
60x > 1,200,000
x > 20,000

Therefore, at least 20,001 thermostats must be sold for
the company to earn a profit. " Ans

4.5 Systems of Linear Inequalities:
To plot a linear inequality in two unknowns:

1. Draw the line representing the relationship as though it were
an equality.

2. The inequality holds for all points on one side of the line
and for no points on the other side.

3. Evaluate the inequality for one point (one on the line) to
determine which side is which.

Example 1:

T xry

Step 1. Draw the line x = y
Step 2. The inequality holds for all
points either in region (1)
: . . 3 ®
or in region (@

Step 3. Then pick out one point in

region () and evaluate the

inequality. I
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- If we take point (3, 1), then evaluate it in x » y. We
get 3 > 1 which is correct.

But if we take the point in region (:) (1, 3) and evaluate
in x 2y, we get 1 > 3 which is incorrect.

. If x =y, the points will be on the line and if x > y

the points will be in the shaded region or region 1 as shown.

Example 2:

To plot more than one inequality

0
5

"4

Yy
x

N

x 2y

0
The darkly shaded region shows the only /

area where x >y, vy = 0, and x £ 5 are

all simultaneously satisfied.
The region where all are simultaneously satisfied is called

the solution space or technical feasibility polygon.

Example 3:

Find the solution space of the following inequalities:

T2y y <0
r < b x+y £ 8
x+y 2 8 x 20

The shaded region is the required solution space.
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- . . X=
¢—redundant ineguality Y

~J

x 20 x=5

B8l ¢<—— Potential

Corner péint 5

e L/
1 N
-

Corner points

N

Z Lf

X+y=8

Some facts about a solution space formed by linear inequalities

1. Corner points = are the comers of straight lines that form the
solution space.

2. Potential corner points: they are the intersection of two inequali-
ties, but the point of intersection is not in the solution space.

3. Redundant inequality : is an equality that does not affect the
solution space. In this example, we have x > 0 as redundant
inequality.

4. Inbusiness problems, the inequalities are termed as constraints
and they can be separated into two categories, namely -

a) Nonnegativity constraints:
guarantee that each decision variable will not be
negative,
x>0
y >0
b) Structural Constraints reflect such things as resource
limitations and other restrictions explicitly identified
in the statement of the problem.
x+y<8

5. All the corner points can be obtained by solving two of the five
inequalities as equations.
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Example 4:

Draw a solution space for the following systems of inequalities:

22 +Yy <5
r + 2y £6
Tty <4
c >0 redundant Constraint
¥y >0 = 4
=6
—» X
corner
EXERCISE: 4 - 1a
Make a graph showing the solution space.
1. x>0 2. x>0
y >0 y >0
y > -1 x £ 3
x £ 4. x <L y.
3. x >0 4. x £ 3
y 20 y €1
2x +y > 6 X + 3y > 3
x + 4y £ 8.
5. x >0
y >0
Tx + 4y < 28
X + 2y £ 8.
Find solutions, if any exist
6. x >0 7. x> 0
y >0 y 2 0
2x + 3y € 12 dx + y < 12
X -2y > 2 X + 5y > 8.
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10.

ble
Yy
4x + y
X + 5y
X
y
dx + y
X + Sy

nwv v v

N NN NV

x z 0
y > 0
+y > 12

Specify in two ways the side of the line which contains the points
satisfying the following inequalities.

6

-

0.

11. x -y < 5.
13. 2x - 3y <
15. 4x - 3y >
Solve for x.

16. 2 - 3x <
18. 7 - 4x <
20.

0 € 2x + 3.

12.

14.

17.

19.

X +y > 3.

-2%

2x

+ 5y > 2.

+ 7 2 4.

A\
W

- 2X.

Write the solution, if any exists, for each of the following systems.

21.

23.

25.

27.

29.

X
X

vV A

P
AV
(o TN LS

[ =

by

2y
3y

2y
Ty

VoA

Vv

VA\%

40
120.

40
190.

22.

24 .

26.

28.
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2x

> -2

> 2.
-3y < 5
- 6y > 12.
-3y £ 5
- 6y < 15.
+ 2y > 40
+ 3y € 120.



Ol. Lrabriei s Liograry, Au

Make a graph showing the solution space for each of the following,
assuming in each system that the nonnegativity constraints x > 0

and y > 0 prevail.
30, x -2y 0 31, x4+ y » 2.
X+ y < 2. X + 2y £ 4.
32, x -2y £ 0 33 x -2y » 0
X + 2y € 4 X + 2y > 4

X >

34 X+ y 22 35. x+ y =2
x -2y L0 X - 2y >0
X 4+ 2y £ 4. x £ 3
X + 2y £ 4
36. A mixture is to made containing x units of food A and Y units

of food B. Food A weighs three ounces per unit; food B, five
ounces per unit. Food A contains 0.5 ounces of nutrient per
unit; food B, one ounce of nutrient per unit. The mixture is
to have at least eight ounces of nutrient, and the total weight
is not to exceed 45 ounces. Find the general solution, showing
all permissible combinations of the two foods.

37. Type A and type B items require the same amount of storage

38.

39.

space per unit. Type A costs $3 per unit, B costs $8 per unit.
Sufficient storage space is available for 500 units (total), and
$2400 is available to spend on the items. Write the general
solution, showing permissible combinations of items which may
be purchased and stored without exceeding total space and
money restrictions.

It takes two hours to make a unit of A and three hours to make
a unit'of B. The number of units of B must not be more
than twice the number of units of A. If Gp to 36 hours are
available to make A and B, find the permissible combinations
of numbers of units of A and B.

A costs $2 per pound and B costs $5 per pound. If we mix x
pounds of A with y pounds of B, the mixture contains x +y
pounds. This proportion of A in the mixture therefore is the
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rotio x/(x + y). Mixtures are to be made at a total cost not
exceeding $286. In these mintures, the proportion of A is
to be not less than 0.2 (20 percent) and not greater than 0.8
(80 percent). * Write the general solution showing permissible
combinations of A and B.

40. The table shows, for example, that Department III has 190
hours available and that one unit of A requires 6 hours of Depart-
ment III time. Write the general solution showing the combina-
tions of A and B which can be made in the time available.

Hours Required to Make One Unit of

Available
Department Hours Product A Product B
T o 120 4 3
0 40 1 2
0 190 % 7

41. A mixture of foods A and B is to weigh not more than 5 pounds
and must contain at least 24 ounces of nutrient. Food A
contains six ounces of nutrient per pound and B contains 4
ounces of nutrient per pound. Write the general solution
showing the permissible mixtures of the two foods.

42. A type A batch of a product contains one unit of substance P
and three units of substance Q. A type B batch contains three
units of P and four units of'Q. If 70 units of P and 110 units
of Q are available, write the solution showing permissible
combinations of the two types of batches.

EXERCISE: 4 - 1b

Algebraically solve for the values of x that satify the following
inequalities.

1. 3x - 2 £ 4x + 8

2. X>x + 5.
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c=dx + 10 » <10 + x.
15x + 6 » 10x - 24

12 > x + 16 » -20.

Write the general expression for the values of x which are in ‘the
solution set of the inequality 2x + 8y < 80. What are the values
for x when y = 5? Determine the general expression for values

of y which are in the solution set. What are the values of y when
x = —40? '

Graphically determine the half-space which satisfies the inequality.

8.

9.

10.

11.

12.

13.

14.

-4x + 2y € 20
5x + 3y < 30.

5x -~ 4y £ -24.

3X1 + 2%, £ 36

2

X, +4x2\< 16

n
N
Y

3}(1 + 4x2

4)(1 + 3x2 £ 24

4x1 - 2X

A\
=N

b
IN
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15. A firm produces two products, each of which must be processed
through three departments. The time requirements in each depart-
ment are shown. Formulate the three inequalities associated
with production during the coming week. Graphically determine
the combinations of the two products which can be produced
within the three departments

Hours Required per Unit

Department 1| Department 2 | Department 3

Product A : 2 - 3 ’ 1.5
Product B . 4 2 3 -
Hours Available per

Week . 40 { 36 30

4 - 6 Absolute Value:

On the real number line, the distance between a number x and 0
is called the absolute value and is denoted by |x|

5
5

For example, ] 5]
and |}5]

because both 5 and -5 are five units from 0.

Sunits Bunits
- ‘—’~7 ﬁ' —~— .
-5 0 5
5] = || = 5

Absolute value can be defined as follows:

The absolute value aof a real number X, written |x| , is

x, ifx>0
x| = {Qifx=0

x,1fx <0
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Applying the definition, we have

3] = 3
|-8] =" -(-8) = 8:
l 1 _ 1, — Notice that |{x| is always
2 T2 positive or zeroj; that is, -
_[ 2| = -2 x 2> 0.
and -|-2] = -2.
Example 1:
a) Solve |x - 3| = 2

This equation states that x — 3 is a number two units
from 0, Thus, either

X -3 = 2 or Xx -3 = =2

Solving these gives x =5 or x =1 Ans
b) Solve |7 -3x] = 5 |

The equation is true if 7 — 3x =25 orif 7-3x = -5,

Solving these gives x = 3 and x = 4 Ans
c) Solve |[x - 4| = -3 ,

The absolute value of a number is never negative.

Thus the solution set is ¢ - . Ans

- Another example would be
lo -5l =14
s - 9] =

4
4

The numbers 5 and 9 are 4 anits apart.

In general, we may interpret la -—b‘ or ‘b -'al as the
distance between a and b.

For example, the equation lx — 3‘ = 2 states that the
distance between x and 3 is 2 units. Thus x canbe 1 or 5 as
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shown below.

2units . 2units

et
[
ol

Absolute value and Inequalities:

If |x| < 3,then x islessthan 3 units from 0. Thus x
must lie between —3 and 3. That is, —3 <x < 3. On the other hand,
if lx | >3, then x must be greater than 3 units from 0. Thus there
are two cases: either x >3 or x < —3. See the figures below for
better understanding.

x| < 3;
-3 <x<3 Ixj > 3 x| > 3
. P g
— ” {—W\;x < >
-3 0 3 . x< -3 -3 0 3 X > 3

We can extend these ideas. If |x| <3, then -3 < x< 3.
And if jx] > 3, then x 2> 3 or x < —3. In general, the solution of
lxrl < d or |x| < d, where d is a positive number, consists of one
interval, namely —d <x <d or ~d < x < d. However, when|x|>d
or|x| >d. There are two intervals in the solution, namely x < —d and
x>d,orxg~dand x >d.

Example 1:
a) Solve |x —2[ <4
Solution:

The number x - 2 must be less than 4 units from O.
This means that - 4 < x - 2 < 4

Then -4 + 2 < x< 4+ 2
-~ 2 < x <6
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Thus the solution is - 2 <x < 6. This means that all
numbers between — 2 and 6 satisfy the original inequality. Ans

) Solve |3 2xi <5

‘Solution:
|3 - 2>_<l < 5 means that
5 K3 -2xK 5
-5 -3 -2x<5 -3
-8 £ - 2x K 2
The sense of the inequality is reversed when it is divided by — 2.
4 > x 2> -1
or -1 £ x g 4 Ans
Example 2:
a)_Solve‘x+5\ > 7
Solution:
‘vx +5| > 7 means that x + 5 must be at least 7 units from 0.
x < —12 x>2
< < ] [ >
< J L 7
--12 2
Thus either x + 5~ 7 or x + 5 > 7. It also means
that either X< 12 or X >2 Ans
b) solve |3x — 4| > 1
Solution:

3x — 41> 1 means that either 3x - 4 < -1

or 3x - 4 > 1
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Thus, either 3x -4 +4< -1+ 4

3x < 3
x <1 fx_n_i
or 3x -4 +4 >1 + 4
3x > 5
5
>_
X 3 Ans

Example 3:

Using absolute value notation, express the following statements:

a)
b)
c)
4d)

e)

x is less than 3 units from 5. =|x - 5| <3
x differs from 6 by at least 7. = |x - 6] > 7
X < 3 and x > -3 simultaneously = | x| < 3
X is more than 1 unit from -~2 =1{Xx —(—2)|> 1,
fx + 2{>1
is strictly within @~ units

§f</w |x - HAl<o~

Three basic Properties of absolute value:

They are:-
1. |abl = 1ar . |b|
a Y
2. || = {8
3. Ia—b,:[b—-al
Example:
a L enosl o= paa] sl - o
| D] = -7 ]3] = 21
b) |4 -2 = |2 - 4 = 2
c) '7—x‘ = lx-—7'
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-7 -7 1
@ 3‘ Y =3

:7_) _ 1l - 2

-3 Y T3

x -3 {x - 3| o x -3
e) =5 ‘ =5 | =TS

EXERCISE: 4 - 2

In Problems 1 - 10, write an equivalent form without the
absolute value symbol.

1. | -3 2.'2‘1|,

3. |8 - 2. 4. | -4 - 6)/2].

s 13(-9). 621 |7 -.
7. |x|<3._ 8.le<10.

9. |2 - V5 |. 10.|\(§_2|,

11. Using the absolute value symbol, express the fact that

. X is strictly within 3 units of 7,

. x differs from 2 by less than 3,

. X is no more than 5 units from 7,

. the distance between 7 and x is 4,

. X + 4 is strictly within 2 units of 0,

x is strictly between - 3 and 3,

x<—6orx>6,

X —-6>40rx —6< -4,

the number x of hours that a machine will operate efficiently
differs from 105 by less than 3,

. the average monthly income x (in dollars) of a family differs
from 850 by less than 100,

oo e 0 Ao o P

St

12. Use absolute value notation to indicate that x and A" differ by
no more than &
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13. Use absolute value notation to indicate that the prices p; and
Py of two products may differ by no more than 2 {dollars).

14. Find all values of x such that |x - p| < 2 &

In Problems 15 - 36, solve the given equation or inequality.

15. | x| =7. 16. |-x| = 2.
17. ‘g] = 2. 18. l%’:s.
19. |x-5| =8 20. |4 +3x| - 2.
21. | sx - 2| = o. 22. |7x+3 | = x.
23. | 7 - ax| = s. 24.‘1—2xl = 1.
25. | x| < 4. 26. | x| < 3.

X o 1
27"Z’>2‘ 8.1 3 > %
29. | x+ 7| < 2 .| 5x - 1] < -6.
31.lx-12—’> L 2.1 - 3x| > 2.
33.|5-2xf<1. 34|4x—1,>0.
35.!5%—8 > 4 36. x;8!£2

4 - 7 Linear Programming.

Linear programming is a mathematical optimization technique,
a method which attempts to maximize or minimize some objective,
€. g., maximize profits, minimize costs, etc. In any linear programming
problem certain decisions need to be made.

The basic structure of a linear programming problem is-either
to maximize or to minimize an objective function while satisfying a
set of constraining conditions, or constraints.  The objective function
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15 @ mathematical representation of the overall goal stated in terms of
the decision variables. The objective function may represent goals
such as profit level, total revenue, total cost, pollution levels, percent
rium on investments, and so forth. The set of constraints represents
conditions which must be satisfied in determining levels for the
decision variables. For example, in attempting to maximize profits
from the production and sale of a group of products, sample
constraints might reflect limited labor resources, limited raw materlals
and limited demand for the products. .

These problems are called linear programming problemns because
the objective time function and constraints are all linear.

An optimal solution to any linear programming problem is
found at a corner point.

Craphica] Solution of Linear Programmi_ng Problems.

Exmaple 1:
Yy
h
4
Maximize : ¥y
Subject to : x +y < 4 2
2r -y £ 4 //
/ x
x>0 4\ T
y >0 S

I
T Koty =4

2% -y = 4

We are asked to maximize y

‘. Find the highest point in the solution space. The maximum

value of y is 4 Ans



Example 2:

Maxrimize : x
Subject to : x +y <4
dr -y £ 4
r 0
y >0
.'.VThe highest point in x in the
sclution space is x =.2§- Ans
Example 3:
Maximize : 2x + Yy
Subject to : x +y £ 4
2r -y < 4
x>0
y >0

Test the direction of increase of
the objective function 2x + vy

Let 2x + y = ¢ and test by
changing the value of ¢ until the

line touches the corner-point which

is the maximum in that direction.

(last point in the solution space)

2%+ y = 6% And
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Example 4:

y
Minimize : 3x + Yy
Subject to : x +y » &
2x -y > 1
x>0
y>0

N

The lines lead to a decrease of the
objective function and move down to
the left.

The optimal solution occurs at the

corner point x =1, y = 1
L3x +y =3 + 1 =4 Ans
Note:

To find the optimal solution by testing the value of c is
quite troublesome before we get the required value. The other
alternative is to substitute the coordinates of the corner-points into the
objective function. The point that gives the maximum or minimum
value, depending on the problem, will be the answer.

Example 5:

A firm is planning production for the next week. It is making products,
x and y each of which requires certain foundrys machining and finishing
capacities. The following number of hours is available in each area during the
week planned: Foundry = 110 hrs., machining = 150 hrs., and Finishing = 60 hrs.
Number of hours needed in each process per unit is given in the table,

Hours per unit l
Products
Foundry Machining Finishin
x 6 3 4
y 6 6 2
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The firm seeks to determine the combination of products
x and y which is most profitable. Assume that each unit of x produced
results in a profit of B2 and each unit of y in a profit of 3. What is
the optimum combination of products to produce?
y
Solution:
Let x = units of product X
y = units of product Y
The objective function is to maximize

profit and is defined by

= 150
P = 2x + 3y 20
Constraints are:

6x ; éy < 110
3x + 6y g 150 6x+6y=1
4x + 2y € 60 Y

x > 0

y >0

Substitute the coordinates of the corner-points in the objective

function.
At (0,0), p = 2x + 3y = 0
(15,0), p = 2(15) + 3(0) = 30
(}g. 39), p = 2(§)+ 3(;0_) =70 +20 =130 = 431§
3 3 3 3 3 3
(0,20), p = 2(0) + 3(20) = 60

The optimum combination of products to be produced is

x = 35,y = 20 Ans
3 3

Example 6:
An animal feed is to be a mixture of two foodstuffs, each unit of which
contains protein, fat and carbohydrate in the number of grams given in table.

Each bag of the resulting mixture is to contain at least 40 grams of protein, 1.8
grams of fat, and 120 grams of carbohydrate.,
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ey ) Graph the system of inequalities
Foodstuff which meet these requirements,
b) The manufacturer of animal feed
seeks to determine the combination
of foodstuffs 1 and 2 which will
satisfy  the specified nutrient
Protein 10 5 requirements at the lowest possible
cost. Assume that each unit of

Fat 0.1 0.9
a foodstuff 1 costs 60 satang and
Carbohydrate 10 30 each unit of foodstuff 2 costs 40
satang. What is the optimum
feedmix?
Solution: b
Let x = Number of units of 8 //

foodstuff 1 employed
in the mix.

y = Number of units of

foodstuff 2 employed

in the mix. ]
The objective function is the lowest cost. %_ ?>
’ e o\ N} 1x+0.9y=1.
¢ = 0.6x + 0.4y . e
Constraints: 10x + Sy 3 40 o

0.1x + 0.9y » 1.8 4\\ \’(
10x + 30y 2 120

x > 0.

y »0

Pest all the coordinates of the corner-points. We find out

5

¢ = osf12)v0af1e) =12 54 = 13
5 5 5 78

k¢ ol

that the minimum total cost is obtained at (12, 1_6_)
5

51
[o2%

= K2.72 Ans
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Example 7:

Solve the following linear proyramming problem by the

corner-point method.

()

%y
Maximize : & = 203:1 + 15;1:2
(
Sybject to : sz + 4;1:2 < 60 —nr @ 3)
4x1+3x2\<60~———'@ 2
)
z, <10 —— @ \
B <
T D
zy < 18 —— @ %
25,7, > 0 -///éf,/ o
) ==
(9] F \
Solution:
Corner-point (x1, x2) z = 20x1 + 15x2
A (0,0) 20(0) + 15(0) = 0
B (0,12) 20(0) + 15(¢(12) = 180
Cc (4,12) 20(4) + 15(12) = 260
60 60 (29) . 15(82) - 300
(7——‘,—7—“ 20 7 + 15 7
20
e (0,22) 200+ 15(2) - 300
3 3
F (10,0) 20(10) + 15(0) = 200

There is a tie for the highest value of Z between points
D and E. If you compute the slope of the objective function, you
will find that it is the same as for constraint @ Thus there are alterna-
tive optimal solution along DE.
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Example 8:

No Feasible Solution:

The system of constraints in a
linear programming problem may not
have any points which satisfy all the
constraints. In such cases, there aré no
points in the solution set, and the linear
programming problem is said to have
no feasible solution.

Solution:

As shown in the figure, a problem has no feasible solutoion.
Constraint (1) a dess than or equal to’ type while constraint (2) a
‘greater than or equal to’ type. A problem tvan certainly have both
_typeé of constraints, In this case the set of points satis{ying one

(1)

(2)

constraint includes none of the points satisfying the other.

EXERCISE: 4 - 3a

1. Maximize
P=10x + 12y
subject to
x+ y <60,
x—-2y >0,
x,y > 0.

3. Maximize
Z=4x — 6y
subject to
y <7,
3x —y <3,
x+y =5,
x,y » 0.
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Maximize
P=5x+6y
subject to
x+ y <80,
3x + 2y g 220,
2x + 3y <210,
x,y » 0.

Minimize
Z=x+y
subject to
x— y>0,
dx + 3y > 12,
9x + 11y < 99,
x <8,
x,y > 0.




1.

13.

Maximize 6. Minimize
Z =4x — 10y Z =20x + 30y
subject to subject to
x — 4y > 4, 2x + y < 10,
2x — y <2, 3x + 4y < 24,
x,y > 0 8x + Ty > 56,
x,y » 90
Minimize 8. Maximize
Z=7Tx+ 3y Z =5x — 3y
subject to subject to
3x —y » -2, X —y > =2
x+y< 9, 2x —y < 4,
x =y =-1, 2x +y = 8,
x,y > 0. x,y > 0.
Minimize 10. Minimize '
C=2x+y C=2x+2
subject to subject to
3x+ y >3 x + 2y > 80,
4x + 3y > 6, 3x + 2y > 160,
X+ 2y > 2, S5x + 2y > 200,
x,y > 0. x,y > 0.
Maximize 12. Minimize
Z=10x + 2y Z=y-—x
subject to subject to
x+ 2y >4, x> 3
x—2y >0 x+3 > 6
x,y > 0. x —3y > -6,
x,y » O

A toy manufacturer preparing his production schedule for two new toys, widgets
and wadgits, must use the information concerning their construction times given in
Table 16-3. For example, each widget requires 2 hours on Machine 4. The available

MACHINE A MACHINE 8 FINISHING
Widgets 2 hr 1hr 1 hr
Wadgits 1 hr 1 hr 3 hr

employee hours per week are as follows: for operating machine 4, 70 hours; for B,
40 hours; for finishing, 90 hours, If the profits on each widget and wadgit are $4 and
$6, respectively, how many of each toy should be made per week in order to
maximize profit? What would the maximum profit be?
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14,

16.

17.

A manufucturer produces two types of barbecue grills, Old Smokey and Blaze
Away. During production the grills require the use of two machines, A and B. The
aumber oi hours necded on both are indicated in Table 16-4. If each.machine can
be used 24 hours a day, and the profits on the Old Smokey and Blaze Away models
arc $4 and 36, respectively, how many of each type of grill should be made per day
to obtain maximum profit? What is the maximum profit?

| MACHINE 4 MACHINE B
Old Smokey 2 hr 4 hr
Blaze Away 4 hr 2 hr

A diet is to contain at least 16 units of carbohydrates and 20 units of protein. Food

A contains 2 units of carbochydrates and 4 of protein; Food B contains 2 units of
carbohydrates and 1 of protein. If Food A4 costs $1.20 per unit and Food B costs
$0.80 per unit, how mary units of each food should be purchased in order to
minimize cost? What is the minimum cost?

A produce grower is purchasing fertilizer containing three nutrients: 4, B, and C.
The minimum weekly requirements are 80 units of 4, 120 of B, and 240 of C. There
are two popular blends of fertilizer on the market. Blend I, costing $4 a bag,
contains 2 units of 4, 6 of B, and 4 of C. Blend I, costing $5 a bag, contains 2 units
of 4, 2 of B, and 12 of C. How many bags of each blend should the grower buy
each week to minimize the cost of meeting the nutrient requirements?

A company extracts minerals from ore. The number of pounds of minerals 4 and B
that can be extracted from each ton of ores I and II are given in Table 16-5 together
with the costs per ton of the ores. If the company must produce at least 3000 1b of 4
and 2500 b of B, how many tons of each ore should be processed in order to
minimize cost? What is the minimum cost?

ORE | ORE I

Mineral A 1001b 2001b
Mineral B 200 50
Cost per torn 350 $60




EXERCISE: 4 - 3b

Solve the following linear programming problems using the
corner-point method.

1. Minimize 3 = 2x1 + 4x2
Subject to : 3x1 + 2x2 > 24
4x1 + 5x2.> 60
X1,X9 2 0
2. Minimize . Z = 5x1 + 3x2
Subject to : ?_x1 + x2 > 0
>
x1 +3x2 15
X, £ 0
X, <8
x1, x2 > 0
3. Maximize : B = 6x1 + 4x2
Subject to : X, o+ X, <5
3x1 + 2x2 < 12
x1 , x2 > 0
4. Minimize 3 = 20x1 + 5x2
Subject to : X, + X, > 4
4 >
X, + x2 > 8
x1 z 1
x2 £ 6
5x1 + 4x2 £ 40
x1 s x2 >0
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5. Maximize : % = 15x +20x2

Subject to : x, + x, » 12

6. A producer of machinery wishes to maximize the profits from
producing two products, product A and product B. The major
inputs for each product are steel, electricity, and work-hours. The
table given summarizes the inputs per unit, available resources, and
profit margin per unit.

a) Formulate the linear programming model for this

situation:
Product A Product. B Monthly Total Available
Enerqgy 200 kwh 400 kwh 20,000 kwh
Steel 100 1b 120 1b 10,000 1b
Labor 5 h 8 h . 400 h
Profit per unit FE400 #1000

b) Assume that energy costs B10 per kilowatthour, steel
costs KSO per pound, and labor costs ﬁlGO. An order
for 10 units of product A must be filled using this
month’s production, and combined production for the
two products cannot be less than 385 units. If the
objective is to minimize total cost, formulate the linear
programming model.

7. Maximize: zZ= 4><1 -+ 3x2

Subject to : x, = X
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8. Graphically determine the solution, if one exists, for this system
of inequalities:

- > 5
X1 X2

9. A company manufactures and sells five products. Cost per unit
and selling price are given in table. If the objective is to maximize
total profit, formulate programming model having the following
constraints:

Products A B C D B

Costs per unit | #1,000 B1,600 B6,000 B 500 ¥200
Selling price ¥1,400 B1,800 ¥7,000 #1,000 B240

Constraints: at least 20 units of product A and at least 10 units
of product B must be produced; sufficient raw
materials are not available for total production in
excess of 75 units; the number of units produced
of products C and E must be equal

10. A president of a construction company is interested in comparing
costs involved in purchasing or renting a piece of machinery
necded for excavation. If he were to purchase it, his fixed annual
cost would be B80,000 and daily operation and maintenance
costs would be B1,600 for each day it is used. But he finds that
he can rent the same machinery for B12,000 per month (on a
yearly basis). If the machinery were rented, the daily cost would
be B1,200 for each day it is used. Neglecting any other considera-
tions, determine the least number of days he would have to use
the machinery.each year to justify renting the equipment rather
than purchasing it.
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11.

13.

14.

15.

16.

A company ianufactures a product that has a unit selling price
of 400 and a unit cost of B300. If fixed costs are B12,000,000;
determine the least number of units that must be sold for the
company to have a profit.

To produce one unit of a new product, a company determines
that the cost for material is $2.50 and the cost of labor is $4.
The costant overhead, regardless of sales Volixmé, is $5,000.
If the cost to a wholesaler is $7.40 per unit, determine the least
number of units that must be sold by the company to realize
a profit,

For business purposes Mr. Michael Joseph wants to determine
the difference between the costs of owning and renting an
automobile. He can rent a compact for $135 per month (on an
annual basis). Under this plan his cost per mile (gas and oil)
is $0.05. If he were to purchase the car, his fixed annual expense
would be $1,000 and other costs would amount to $0.10 per
mile. , What is the least number of miles he would have to drive
per year to make renting no more expensive than purchasing?

A shirt manufacturer produces N shirts at a total labor cost
{(in dollars) of 1.2N and a total material cost of .3N. The constant
overhead for the plant is $6,000. If each shirt sells for §3, how
many must be sold by the company to realize a profit?

The cost of publication of each copy of a magazine is $0.65.
It is sold to dealers for $0.60 each, and the amount received for
advertising is 10 percent of the amount received for all magazines
issued beyond 10,000. Find the least number of magazines that
can be published without loss, that is, such that profit > 0.
(Assume that all issues will be sold)

A company produces alarm clocks. During the regular work week
the labor cost for producing one clock is $2.00. However, if a
clock is produced in overtime the labor cost is $3.00. Manage-
meiit has decided to spend no more thau a total of $25,000 per
week for labor. The company must produce 11,000 clocks this
week., What is the minimum number of clocks that must be
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17.

18.

19.

20.

produced durfﬁg the r;:gular ;;fork week?

A company invests a total of $30,000 of surplus funds at two
annual rates of interest: 5 percent and 6% percent. It wishes an
annual yield of no less than 6% percent. What is the least amount
of money that it must invest at the 6% percent rate?

The current rativ of Precision Machine Products is 3.8. If their
current assets are $570,000 what are their current liabilities?
To raise additional funds, what is the maximum amount they
can borrow on a short-term basis if they want their current ratio
to be no less than 2.6?

A manufacturer presently has 2500 units of his product in stock.
The product is now selling at $4 per unit. Next month the unit
price will increase by $0.05. The manufacturer wants the total
revenue received from the sale of the 2500 units to be no less
than $10,750. What is the maximum number of units that can be
sold this month?

Suppose that consumers will purchase x units of a product at a
price of 1_)_(39 + 1 dollars per unit. What is the minimum number
of units that must be sold in order that sales revenue be greater
than $5,0007?

EXERCISE: 4 - 3¢

In Problems 1-10 solve the given inequality or system of inequalities.

1.
3.

~

®

-3x + 2y > —6. 2. x—2y+6>0.
2y < —3. 4, —-x <2,
y —3x <6, 6 x — 2y > 4,
x —y > =3 ) x+ y>1L
x =y <4, 8 [ x>y,
y— x < 4. ’ 1x+y<0.
3x +y > —4, X —y >4,
X =y > =5, 10. x << 2,
x> 0. y < —4
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In Problems 11-23, do not use the simplex method.

11.

13.

15.

17.

19.

21.

oL Gaoriel's Library, Ay

Maximize
Z=x -2
subject to
y—x<2,
x+y<4,
x < 3,
x,y > 0.
Minimize
Z=2x—y
subject to
x— y>» =2
x+ y>1
x—-2y <2
x,y » 0.
Minimize
Z=4x — 3y
subject to
x+ y<3
2x +3y < 12,
5x + 8y > 40,
x,y > 0.
Maximize
Z =9x + 6y
subject to
x + 2y < 8,
3x + 2y < 12,
x,y » 0.

Maximize
Z = 4x, + 5x;

subject to
x, + 6x, < 12,
x, + 2x; < 8,
xp, X3 > 0.

Minimize
A Xy + X3
subject to

3Xl + 4X2 > 24,
Xy > 3,
Xy, Xg.2 0.

12.

14.

16.

18.
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Maximize
Z=4x+ 12y
subject to
x + 2y < 10,

X<4y
y>1
x,y »0.
Minimize
Z=x +y
subject to
x+ 3y <15,

Ix+2y < 17,
x—-5r <0,
x,y » 0.
Minimize
Z=2x+2
subject to
x+ y >4
—x + 3y < 18,
x <6,
x,y » 0.
Maximize
Z=4x +y
subject to
x+2y > 8,
3x+ 2y > 12,
x,y » 0.
Maximize
Z - lSX| + 20x;
subject to
2x; + 3x; < 18,
4x, + 3x; < 24,
Xy < 5,
Xy X3 2 0.
Maximize
Z=x, + 2x,
subject to
X+ x; < 12,
X, + x; > 5,
X, < 10,
xy, xy > 0.




23. Minimize
Z=2x;+x;
subject to
x, +2x, <6,
X+ x> 1,
Xy, Xy 2 0.

4.8 Applications of Equations:

An equation is a statement that two expressions are equal.
They are separated by the equality sign =’

Example: x+2=3

a) A linear equation in the variable x is an equation that can be
written in the form ax +b =0
Where a z{nd\‘b are constants and a # 0
A linear equation is also called a first-degree equation or an
equation of degree one.

b) A quadratic equation in the variable x is an equation that can be
written in the form

ax2 +bx+c=0
Where a, b and ¢ are constants and a # 0

— A guadratic equation is also called a second-degree
equation or an equation of degree two.

Since you have learnt how to solve linear equations and
quadratic equations, we’ll go straight to applications of equations.

In most cases, to solve practical problems you must
translate the relationships stated in the problems into mathematical
symbols. This is called modelling. The following examples illustrate
basic techniques and concepts. We shall refer to some business terms
relative to a manufacturing firm.
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Fixed Cost (or overhead): is the sum of all costs that are independent
of the level of production, such as rent, insurance, etc....This cost
must be paid whether or not output is produced.

Total Cost: is the sum of variable cost and fixed cost.
Total cost = Variable Cost + Fixed Cost.

Total revenue: is the price per unit of output times the number of
units sold.
Total Revenue = (Price per unit) (Number of units sold)

Profit: is total revenue minus total cost.
Profit = Total Revenue — Total Cost.

Variable Cost: is the sum of all costs that are dependent on the level:
of output, such as labor and material.

Example 1:

A company produces product A for which the vgriable cost per
unit is ﬂ(120 and fixed cost is §1,600,000. Each unit has a selling price of }{200.
Determine the number of units that must be sold for the company to earn a
profit of #1,200,000.

Solution:

Let x be the number of units which must be sold.

The variable cost is = 120x

Fixed cost is = 1,600,000

. .Total cost = 120x + 1,600,000

Total revenue is = 200x

Profit = Total Revenue - Total cost
©. 1,200,000 = 200x -(120x + 1,600,000)

1,200,000 = 200x - 120x - 1,600,000

80x = 2,800,000

X = 35,000

Thus 35,000 units must be sold to earn a profit of ¥1,200,000 Ans

Example 2:

A company manufactures women’s sportswear and is plenning to
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sell its new line of slacks sets to retail outlets. The cost to the retailer will be
,H660 per set. As a converience to the retailer, the manufecturer will atiech a
price tag to each set. What amount should be marked on the price tag so that
the retailer may reduce this price by 20 percent during a sale and still make a
profit of 16 percent on the cost?

Solution:

Let p be the tag price per set in baht

The retailer receives =p - 0.2p

and this amount p -~ 0.2p must be equal to his cost, 660
plus his prefit, (0.15)(660)

p - 0.2p = 660 + (0.15)(660)
0.8p = 759
3] = 7158 _

I E 948.75

. .The price tag should be at BE948.75 RAns

Example 3:

A total of 300,000 was in vested in two business ventures, A and B.
At the end of the first year, A and B yielded returns of 6 percent and 8 percent,
respectively, of the original investments. How was the original amount allocated
if the total amount carned was f21600?

Solution:

Let B x be the amount invested at 6%

The amount invested at 8% = 300,000 - x baht
The interest obtained from ¥ x at 6% ° = 6x

100
The interest obtained from (300,000 - x) = (300,000 - x;{_e__)
\100
But the total amount earned = 21600
6 8
T - x) fes = 21600
) x + (300,000 x) (100) 216
(&) () - 21600 - 24000
100 100 /
2x = 240000
x = $120,000

112



Thus B120,000 was invested at 6% and 300,000 - 120,000
= P180,000 was invested at 8% Ans

Example 4:

A small side resort hotel consists of 70 apartments, At }3’5,000 per
month every apartment can be rented. However, for each ¢200 per month
increase there will be two vacancies with no possibility of filling them. The firm
wants to receive ﬂ359,600 per month from rents. What rent should be charged
for each apartment?

Solution:

Suppose n is the number of B200 increases. Then the
increase in rent per apartment will be B200n and there will be 2n
vacancies.

Since:

Total rent = (rent per apartment) (number of apartments rented
we have 359600 = (5000 + 200n)(70 - 2n)
359600 = 350000 - 400n2+14008M- 10000 n

400n2— 400n + 9600 0

I

n2— 10n + 24

=0
(n-6)(n-4) = 0
n =4, 6
Thus, the rent charged should be 5000 + 200(6) = P6200

or 5000 + 200(4) = P5800 Ans

EXERCISE: 4 - 4

1. A company produces Product £ at a variable cost per unit of }144.
If fixed costs are ﬂl‘,QO0,000 and each unit sells for 60, how
many units must be sold for the company to have a profit of
}1,000,000?

2. A company management would like to know the total sales units

that are required for the company to earn a profit of §2,000,000.
The following data are available: unit selling price of B400,
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variable cost per unit of ﬂSOO; total fixed cost of }46,000,000.
From these data determine the required sales units.

. A person wishes to invest #400,000 in two enterprises so that the
total income per year will be ﬂ28,800. One enterprise pays 6
percent annually, the other has more risk and pay 7% percent
annually. How much must be invested in each?

. A person invests ¢400,000: part at an interest rate of 6 percent
annually and the remainder at 7 percent annually. The total
interest at the end of one year is eqaivalent to an annual 6%
percent rate on entire 400,000. How much was invested at each
rate?

The cost of a product to a retailer is §68. If he wishes to make
a profit of 20 percent on the selling price, at what price should
the product be sold?

In two years a company will require }{22,472,000 in order to
retire some bonds. If the company now invests )f20,000,000
for this purpose, what annual rate of interest, compounded
annually, must it receive on this amount in order to retire the
bonds?

In two years company will begin an expansion program. It has
decided to invest }{40,000,000 now so that in two years the total
value of the investment will be ,343,264,000 the amount required
for the expansion. What is the annual rate of interest,
compounded annually, that the company must receive to achieve
its purpose?

. A company finds that if it produces and sells g units of a product,
its total sales revenue is B100~g. If the variable cost per unit is
J40 and the fixed cost is $24,000 find the values of g for which:

Total Sales Revenue = Variable Cost + Fixed Cost That is,
profit is Zero.

Suppose that consumers will purchase g units of a product when
the price is 8—0-1———3 baht each. How many units must be sold
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10.

11.

12,

13.

14,

15.

in order that sales revenue be ¥8,000?

. How long would it take to double an investment at simple interest

with a rate of 5 percent per year?

The investor of a new toy offers the Kiddly Toy Company
exclusive rights to manufacture and sell his product for a
lump-sum payment of P500,000. After estimating that future
sales possibilities beyond one year are nonexistent, the company
management is reviewing the following alternate proposal: to give
him a lump-sum payment of B40,000 plus a royalty of }110.00

- for each unit sold. How many units must be sold the first year to

make this alternative as economically attractive to the investor as
his original request? (Hint: Determine when his incomes under
both proposals are the same)

You are the chief financial advisor to a corporation which owns
an office complex consisting of 50 suites. At ffS,OOO per month
every suite can be rented. However, for each If-’LOO per month
increase there will be two vacancies with no possibility of filling
them. The corporation wants to receive a total of ﬁ404,800
per month from rents in the complex. You are asked to determine
the rent that should be charged for each suite.

The monthly revenue R of a certain Company is given by
R = 800p — /7p2, where p is the price in Baht of the product
they manufacture. At what price will the revenue be 200,000 if
the price must be greater than §1,000?

When the price of a product is p baht each, suppose that a
manufacturer will supply 2p — 8 units of the product to the
market and that consumers will demand to buy 300 — 2p units,
At the value of p for which supply equals demand, the market is
said to be in equilibrium. Find this value of p.

For security reasons a company will enclose a rectangular area of

11,200 ft2 in the rear of its plant. { :
One side will be bounded by the plant
building and the other three sides by

fencing as shown in the figure. If 150’ —F
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16.

17.

18.

300 ft. of fencing will be used, what will be the dimensions of
the rectangular area?

A company manufactures products A and B. The cost of
producing each unit of A is 40 more than that of B. The costs
of production of A and B are }430,000 and }420,000 respectively
and 25 more units of A are produced than of B. How many of
each are produced?

A land investment company purchased a parcel of land for
J144,000. After having sold all but 20 rai at a profit of B600
per rai, the entire cost of the parcel had been regained. How
many rai were sold?

A machine company has an incentive plan for its salespeople.
For each machine that a salesperson sells, the commission is
JB400. The commission for every machine sold will increase by
JB0.40 for each machine sold over 600. For example, the
commission on each of 602 machines sold is £400.80. How many
machines must a salesperson sell in order to eam B308,000?
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CHAPTER 5

FUNCTION

Function: can be defined in different connotations as,

Definition: (1) A functioniis a mathematical relationship in which
the values of a single dependent variable are determined from the
values of one or more independent variables.

or Definition: (2) A function is a rule that assigns to each input
number exactly one output numbepr, The set of all input numbers
to which the rule applies is called the domain of the function. The set
of all output numbers is called the range.

or Definition: (3) A function is a relation in which each element in
the domain D, there corresponds one and only one element in the
range R.

Functions suggest that the value of something depends upon
the values of other things. There are uncountable numbers of
functional relationships in the world about us. The size of the crowds
at a beach may depend upon the teniperature, quantities sold of a
product may depend on the price charged for the product, grades may
depend upon the amount of time that a student studies, city tax rates
may depend upon “the level of municipal spending, and the length of a
person’s hair may depend upon time.

In mathematics, variables that are functionally related can be
put in the form of equation

y = f(x)

to denote a functional relationship between x and y. It is read as
‘y equals f of X’ or ‘yis a function of x’. When we say that y is a
function of x, we mean that the value of the variable y depends upon
and is uniquely determined by the value of the variable x. This is the
reason why variable x is called ‘independent variable’ and the variable
y is called the ‘dependent varisble’. ‘f’ is the name of the function or
rule which allows one to determine the unique value of y, given a
value of x.
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Although y usually represents the dependent variable, x the
independent variable, and f the name of the function, any letter may
be used to represent the dependent and independent variables and the
function name. For example, the equation

u = g(v)

where u is a dependent variable and u is determined by an
independent variable v. And the name of the function or rule relatmg
the two variables is g.

Usually, letters such as f, g, h, F, G etc, are used to name
functions, Suppose we let f represent the function defined by

'y = x + 2. Then the notation f(x), which is read ‘f of x’,
is used to represent the output number corresponding to the input
number x.

in}iut

f(x)

-<

output

Thus f(x) is the same as y. But since y = x+ 2 we may write

f(x) = x+2.

A functional relationship can be presented in various forms
depending on its utility. For example,
(1) In form of statement
(ii) In form of table
(iii) In form of equation
(iv) In form of graph

Suppose that you have taken a job as a salesman. Your
employer has stated that your salary will dgpend upon the number of units
you sell each week. :

The functional relationship in italics is in the form of
statement.
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Now if we let

y' = weekly salary in baht
x = number of units sold each week

then, the dependeuc; stated can be represented by the equation
y = f(x)

where f is the name of the salary function. This stated relationship
given by this equation is in a general form. There is nothing specific
about the relationship.

Suppose your employer has glven you an equanon for
determining your weekly salary and it is

y =3x+25

Then, this equation presents a specific rule of relationship since
= f(x) = 3x+25

For instance, if we want to compute your weekly salary when you sell .
100 units, substitution of x = 100 in the equation
y = 3(100) + 25
= B 325

In general, y = f(x) = ax+b
The input number x or independent variable is called the “domain of

the function. The output number y or dependent variable is called the
range. .

Note:
Not all equations define y. as a function of x.
Example:
y2 =xifx =9
Sy =13

Thus, with the input number 9 there are assigned not one
but two output numbers, + 3 and — 8. Hence y is not a function of x.
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3.1 Types of Function.

Special pames are given to functions having particular
forms:

1. Linear function: It has the form f(x) = ax + b, where
a and b are constants and a = 0, Its domain is all
real numbers,

2. A Constant function: is one of the form g(x) = c,
where ¢ s a fixed real number.

3. A quadratic function: is one of the form
h(x) = ax? + bx + ¢, wher a, b and c are constants and
a = 0. The domain of h is all real numbers, and y
is a function of x.

4. Apolynomialifunction is one of the form

f(x) = Cnxn + Cnﬂlxn_l + Cn__zxn—z + o +C1X +C0

n is a positive integer and Cps Cpoeennnne , G
are constants with C,, = 0

The domain of a polynomial function is all real
numbers.

5. Piece-meal function: is the one which is defined in
different parts

Example: -
1, if - 14&£s<&1,
FS) = 0, if 14& s¢&2,
5-3, if 24 s43

Here s represent input numbers and the domain of F
is all s such that —1 <'s € 3. The value of an input
number determines which part to use.

6. Absolute value funciton: is the one expressed in
absolute term.

Example:
fix) = l x |
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Functions may be classfied into the following groups.
1. Inform of Table

Possible levels of Production Activity =~ Expected Variable Unit Cost.

(Units/hr) (baht)
100 ~ 600
105 : 610
110 620
115 630
120 ' 640
125 650

2. In form of Graph.

Set of pairs (100,600), (105,610), (110,620), (115,630),
(120,640), (125,650). This set of pairs can be put in the form of

graph by putting variable y or f(x) on the vertical scale a.nd variable
x on the horizontal scale.

.". The graph tells us everything about the finction we need
to know.

y

650f =~ mm e '
640 hg—mmmmmmmmm oo :
i
H 630p--mmeemmem - R
Q !
O 620f---mm-m--m A
? Yo ' '
Y 610f--=---- ) r
o N
& 600}---- oo

o] : ] ] ! |
. R T
2

100 105 10 115 120 125

Production Activity
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3. In form of Equation:

Demand equation: is any equation that describes the relationship
between the price and quantity of a certain product.

Example:

Suppose p = 100 goscribes the relationship between the price per unit,
P, of a certain product amf the number of units, q, of that product that consumers
will buy (that is, demand) per week. This equation is called a demand
equation for the product.

If q an input number, then to each value of q there is assigned exactly
one output number p.

inpu't q —y —-—120 output = Pp

100 :
input 20 ——=) — output =5
inpu q utpu )

Thus price p is a function of quantity demanded, q. Here q
is the independent variable and p is the dependent variable. This
function is called a demand function.

5.2 Combinations of functions.

Functions can be combined to create new functions. They
can be added, substracted, multiplied or divided

If f(x.) = x2 and g(x) = x+1
£(x) + glx) = x4+ (x +1)
The new function H(x) = f£(x) + g{x) = x2+ X+ 1

Similarly, we can create other functions:

f(x) - glx) = x%- (x +1)
f(x) .g(x) = xz(x + 1)
£(x) __iz_ if gix) # 0
g(x) — x+1 °’
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We asume that x is in the domains of both f and g
It is possible to combine functions in yet another way.

Definition.

If f and g are functions, then the composition of f with gis
the function h defined by

h(x) = flg)l

Where the domain of h is the set of all x in the domain of
g such that g(x) is in the domain of f.

Example:
Let f(x) = V¥ and g(x) = x + 1. Find
a) flg(x)]
b) glg(x)]
Solution:
a) flg(x)] = f£(x + 1)
f(x) = VX
"c f(x+l)= V’X+1

The domain of g is all real numbers x, and the domain of
f is all nonnegative reals. Hence, the domain of the composition is

all x for which g(x) = x + 1 is nonnegative. That is, the domain
isallx »—1
b) glf(x)] = g( ¥x)
But g(x) = x + 1

gV =V 4+ 1

The domain of fis all x > 0 and the domain of g is all
reals. Hence, the domain of the composition is all x 20 for which
f(x) = ¥X is real, namely all x 2 0.
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5.3 Applications of linear functions.
Definitions:

Total Variable costs vary with the level of output and are
computed as the product of variable cost per unit of output and the
level of output.

Revenhe = The money which flows into an organization

from either selling products or providing services.
Total revenue = (price) (quantity sold)

Profit for an organization is the difference between total revenue
and total cost. Profit = total revenue — total cost.

A linear function involving one independent variable x and a
dependent variable y has the general form

y = f(x) = ax+b

Linear Cost Functions.

Total cost is usually defined in terms of two components,
namely, total variable cost and total fixed cost.

Example 1:

A small city police department is contemplating the purchase of
an additional patrol car. Police analysts estimate the purchase cost of a fully
equipped car to be $18,000. They also have estimated an average operating cost
of $0.40 per mile.

a) Determine the mathematical function which represents the total
cost C of owning and operating the car in terms of the number of
miles x it is driven.

b) What are total projected costs if the car is driven 50,000 miles during
its lifetime?

¢) If it is driven 100,000 miles?
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Solution:

a) Total cost(c) = Variable cost + fixed cost
Total operating cost + purchase cost

C = 0.40x + 18,000  Ans
b) If the car is driven 50,000 miles
C = f(x)
= £(50,000)
- 0.40(50,000) + 18,000
= $38,000 Ans
c) Similarly at 100,000 miles
C = f(x) = 0.04x + 18,000
= £(100,000)
- 0.04(100,000) + 18,000
= $58,000 An

Example 2:

A firm which produces a single product is interested in determining
the function that expresses annual total cost y as a function of the number of
units produced x. Accountants indicate that fixed expenditures each year are
$50,000. They also have extimated that raw material costs for each unit
produced are $5.50, and labor costs per unit are $1.50 in the assembly depart-
ment, $0.75 in the finishing room, and $1.25 in the packaging and shipping
department. Find the total cost function,

So.lution:
The total cost function = total variable cost + total fixed cost.
Yy = C(x) .
y = total raw material cost + total labor cost +
total fixed cost
= 5.50x + (1.50x + 0.75x + 1.25x) + 50,000
y = 9x + 50,000 Ans

o———
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1. Cost function:
Organizations are concerned with costs because they reflect
the amount of money flowing out of the organization. The total

cost can be defined in terms of two components: Total variable cost
and total fixed cost.

Total cost = Total variable cost + total fixed cost.

. Variable costs are costs that vary with the level of output
and are computed as the product of variable cost per unit of output
and the level of output.

Fixed Costs: Costs incurred in a given time period, regardless of
output.

2. Revenue Functions:

The money which flows into an organization from either
selling products or providing services is often referred to as revenue.

Total revenue = (price) (Quantity sold)

3. Profit Functions:
--Profit is the difference between total revenue and total cost.
Profit = total revenue -~ total cost.
—When total revenue exceeds total cost, profit is positive.
In such cases the profit may be referred to as a net gain, or net profit.

When total cost exceeds total revenue, profit is negative and it may be
called a net loss, or deficit.

If Total revenue = R(x)
Total cost = C(x)
Profit = P(x)

-

.. P(x)

R(x) - Clx)
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4. Straight-line Depreciation:

When organizations purchase equipment vehicles, buildings,
and so forth, accountants usually allocated the cost of the item over
the period the item is used. The cost allocated to any given period is
called depreciation.

Although there are a variety of depreciation methods, one
of the simnplest is straight-line depreciation. Under this method the rate
of depreciation is constant. This implies that the book value declines
as a linear function over time.

Straigh-line Depreciation with Salvage Value.

Many assets have a resale, or salvage value even after they
have served the purposes for which they were originally purchased.
In such cases the cost allocated to each time period is the difference
between the purchase cost and the salvage value divided by the useful
life.

Annual Depreciation = Purchase cost - salvage value
Useful life (in years)

Example:

A truck costing $.10,000 aﬁd having a useful life of 5 years,
accountants might allocate $2,000 a year as a cost of owning the truck.

The cost $2,000 allocated is called depreciation. Assume that the
truck has @ useful life of 5 years, after which it can be sold for $1,000,

If the truck is to be depreciated on a straight-line basis, the annual
deprecigtion will be.

Purchase cost - salvdge value = §$10,000 — ¢ 1,000
Useful life (in years) 5
= $95! 000
= $1,800

127



The function which expresses the ‘book’ value (Current valuej V as
¢ function of time { is

V = f(t) = 10,000 — 1,800t. 0<t<5

5. Demand funcﬁon:

A demand function is a mathematical relationship
expressing the way in which the quantity demanded of an item varies
with the price charged for it.

The relationship between these two varlables.__ quantlty
demanded and price per unit is usually inverse. That i is,. as one
variable increases, the other decreases. There are exceptions to this
behavior. The demand for products or services which are ‘considered
necessities is likely to fluctuate less with moderate changes in price.

Although most demand functions are nonlinear, there
are situations in which the demand relationship either is, or can
be approximated by, a linear function. Most view of the demand
relationship is in thé form

Quantity demanded = f(price per unit)
That is, consumers respond to price

= f(p) = 47,500 7,500p

50,000
40,000

30,000

Demand, in units

20,000

10,000

Price/unit, in Baht
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6. Supply Functions:

A supply function relates market price to the quantities
that suppliers are willing to produce and sell.

The implication of supply functions is that what is
brought to the market depends upon the price people are willing
to pay. As opposed to the inverse nature of price and demand in
demand functions, the quantity which suppliers are willing to provide
usually varies directly with the market price. All other things being
equal, the higher the market price, the more a supplier would like to
produce and sell; and the lower the price people are willing to pay, the
Iess the incentive to produce and sell.

Supply functions can be approximated sometimes by
using linear functions.

Quantity supplied = f(market price)

Quantity supplied

market price
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EXERCISE: 5 -1

1.

A piece of machinery is purchased for $50,000. Accountants have
decided to use a straight-line depreciation method with the
machine being fully depreciated after 8 years. Letting V equal the
book value of the machine and t the age of the machine,
determine the function V. = f(t). (Assume no salvage value.)

In Exercise 1 assume that the machine will have a salvage value of
$6,000 at the end of 8 years. Determine the function V = f{t)
for this situation. :

An airline claims that it is using straightline depreciation on .
one of its 747s. Thg initial purchase cost was $5.5 million.
Company records indicate that after the first year the book value
of the plane was $4,950,000. After the third year the value was
$3,850,000, and after the sixth year the value was $2,200,000.
Assume no salvage value.

()  Are they using straight-line depreciation?
(i)  If so, what is the function V = f(t)?
(ili) When will the 747 be fully depreciated?

Assume that the 747 in Exercise 3 has a useful life of 8 years
and at this stage it can be salvaged for $750,000. Determine the
function V = f(t). What is the restricted domain for the function?

A metropolitan police department projects that average weekly
levels of serious crime decrease in direct proportion to the number
of patrol cars assigned to preventive patrol. Analysts estimate that
the number of serious crimes which would occur each week with
no patrol cars is 800. They also believe that the linear relation-
ship is valid only for allocations of up to 120 patrol cars. At this
level of preventive patrol, crime levels are expected to be 260
serious crimes per week. Analysts believe that any additional
allocations would have no effect on the level of crime.

(i) Determine the linear function relating number of
serious crimes to the number of patrol cars.

(ii) Define the restricted range and domain of the
function.
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10.

(iii) What is the marginal effect of each additional patrol
car for this function?

Two points {p, q) on a linear demand function are ($2.50, 20,000}
and ($2.75, 18,000)

{1}  Determaine the demand function q = f(p).

{(ii)  What price would result in demand of 12,000 units?
(ili) Interpret the slope of the function.

(iv)  Sketch the function.

Two points (p, q) on a linear demand function are ($50, 35,000)
and ($47.50, 45,000).

(i)  Determine the demand function q = f(p).

(1)  What price would result in demand of 60,000 units?
(i) Interpret the slope of the function.

(iv)  Sketch the function.

Two points (p, q) on a linear supply function are ($3,.60,000)
and ($2.50, 52,000).

(i)  Determine the supply function g = f(p).

(i) What price would result in suppliers offering 80,000
units for sale?

(iii) Interpret the slope of the function.

(iv)  Sketch the function.

Two points (p, q) on a linear supply function are ($12.50, 75,000)
and ($15, 90,000)

(i)  Determine the supply function q = f(p)

(ii) What price would cause suppliers to offer 50,000
units for sale?

(ii1) Interpret the slope of the function.

(iv)  Sketch the function.

‘Since 1960 there has been a seemingly linear increase in the

percentage of the population who are alcoklolics in one European
country. In 1960 the percentage of the population who were
alcoholics was 15.6 percent. In 1970 the percentage had risen
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11.

to 21.2 percent. Let p equal the percentage of the population
who are alcoholics and t represent time measured in years since

1960 (t = 0 for 1960).

(i)  Determine the linear growth function p = f(t)

(i) Interpret the meaning of the slope.

(i) If the pattern of growth continues, forecast the
percentage of alcoholics in 1985. What is the
forecasted percentage for 1990,

Since 1973 there has been evidence of grade inflation at a large
Midwestern university.  The cumulative grade'point average
for all undergraduate students was 2.42 in 1973. In 1977 the
average was 2.66. Assuming the trend is linear, let g represent
the cumulative grade-point average for all undergraduate students
and t represent time measured in years since 1973.

(i)  Determine the function g = {(t)

(i)  According to this function, when will the grade-point
average reach 3.0?

(iii) Forecast the grade-point average for 1980.

(iv) Interpret the meaning of the slope in this function.

7. Break-even models:

Break-even analysis focuses upon the profﬁability ‘of a

firm. Of specific concern in break-evenianalysis is identifying the level
of operation or level of output that would result in a zero profit.
This level of operation or output is calied the break-even point. It
represents the level of operation where total revenue equals total
cost.

Total revenue = total cost.

Any changes from this level of operation will result in either a profit
*®or a loss.

The break-even point may be expressed in terms of (1)

volume of output, (2) total dollar sales, or possibly (3) percentage
of production capacitv.
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For example, it might be stated that a firm will break
even at 100,000 units of output, when total sales equal $2.5 million
or when the firm is operating at 60 percent of its plant capacity.

Ex ample :

A group of engineers is interested in forming a company to
produce smoke detectors. They have gone through a design stage and estimate
that variable costs per unit, including materials, labor, and marketing costs, are
$22.50. Fixed costs associated with the formation, operation, and management
of the company and the purchase of equipment and machinery total $250,000.
They estimate that the selling price will be $30 per detector.

a) Determine the number of smoke detector which must be sold in
order for the firm to break-even on the venture,

b) Preliminary marketing data indicate that the firm can expect to
sell approximately 30,000 smoke detectors over the life of the
project if they price the detectors at $30. Determine expected
profits at this level of output.

Solution:

a) Let x be the number of smoke detectors sold to break-even

.. total revenue R(x) 30x

total cost C(x) 22.50%+ 250,000
The break-even condition occurs when total revenue equals
total cost.

]

R(x) = cC(x)
2. 30x = 22.30x+ 250,000
7.50x = 250,000
x = 250,000
~7.30

= 33,333.33 units
.". The firm must sell 33,333. 33 units in order to break-even
Ans

b) Graphical approach

The two functions are graphed on the same set of axes.
The only point where the two functions intersect represents the one
level of output where total revenue and total cost are equal. This is
the break-even point.

133




Note that for all points to the left of the break-even point
the cost function C(x) has a value greater than the revenue function
R(x). For any level of output below 83,333 units, the vertical
distance separating the two functions represents the loss which would
occur. To the right of x = 33,333, R(x) is higher than C(x). And,
+hen total revenue exceeds total cost; a profit exists.

A (33,333; 1,000,000) Profit

1,000 OOOT"“"; ““““““ LC(X)= 22.50x -+
B ; 250,000
750,000 t |
]
T 1
200,000 o ¢——R(x) = 30x
250,000 \ ;
'
! X

T0 20 30 40 55

Units produced and sold, in 1000's

8. Equilibrium between Supply and Demand:

One of the concerns of economists is whether the
consumers and suppliers will ever have a meeting of the minds and
reach agreement about the quantities which will be supplied and
purchased and the market price at which this will occur. When
agreement is reached, the market is said to be in equilibrium. That
is, at the equilibrium price the amount demanded by consumers is
exactly equal to the quantity suppliers are willing to bring to the
‘market. This equilibrium condition is defined by the coordinates
of the point where the supply and demand functions intersect.

q

PL Q%)  equilibrium price & quantity

quantity

qx




Example:

The demand function for a particular product is g4 = 10,000 — 50p,
where p is price stated in dollars and ¢ d is quantity demanded in thousands of
units, The supply function is 9 = 2000 + 30p, where p is defined as before
and qg is the gquantity sypplied, in thousands of units, Determine the equilibrium
price end quantity. Sketch the two functions.

Solution:

Equilibrium occurs if there is a price which equates supply
and demand, or when

a, = qq
or 2000 + 30p = 10,000 - 50p
Solving for p, we find equilibrium occurs when
80p = 8000
p = 100

At a price of 100 the quantity supphed and demanded equa.ls 5,000
thousands, or 5 million units Ans

3

o

5 a

Ydq

o

S 10,000

S

= Supply

=]

ot

=1 5,000

§

g 2,000

1,000 ' . p

100 200

Price in dollars
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9. Defining Mathematical Functions:

Simultaneous equations are ome approach to defining
mathematical functions. A linear function involving two variables
has the form -

y =ax +b

In order to define a linear function, values must be
determined for the parameters a and b. If the coordinates of two
points which lic on the function are known, the values of a and b
can be determined by substituting each pair of coordinates into the
above equation (y = ax + b}, forming two equations. These two equa-
tions can then be solved simultaneously to determine a and b. »

Example:’

Using simultaneous equations, determine the linear function which
contains (4, 8) and (7, —4).

Solution:
At (4, 8) y = ax + b
8 = 4a+b ...p.....(1)
At (7, -4) -4 = 7a+b ......... (2)

From the 2 equations solving for a and b, we get

= -4 and
= 24
The function can be specified as y = f{x) = —4x + 24 Ans

EXERCISE: 5 -2

1. Determine the equilibrium price and quantity if
qq = 25,000 —50p and qg = 4,000 + 20p
Where p is stated in dellars.
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Determine the equilibrium price and quantity if
qq = 100,000 —1,500p and qg = 10,000 + 3,000p
Where p is stated in dollars.

A firm sells a product for $50 per unit. Raw material costs are
$22.50 per unit, labor losts are $13.50 per unit, and annual
fixed costs are $70,000.

a) Determine the profit function P(x) where x equals
the number of units sold.

b) How many units would have to be sold to earn an
annual profit of $35,000?

A firm produces three products which sell, respectively, for
$10, $15, and $8.50 . Labor requirements for each product are
respectively, 2.5, 3.5, and 2 hours per unit. Assume labor costs
are $3 per hour and annual fixed costs are $50,000.

a) Construct a joint total revenue function for the sales
of the three products.

b) Determine an annual total cost function for
production of the three products.

c) Determine the profit function for the three products.

d) What is annual profit if 20,000, 10,000 and 30,000
units are sold, respectively, of the three products?

A city has purchased a new fire truck for $100,000. The city
comptroller states that the fire truck will be depreciated by
using a straighvt-line method. At the end of 12 years, the truck
will be sold with an expected salvage value of $22,000.

a) Determine the function V = -f(t) which expresses
¢ the book value of the truck V as a function of 'the age
of the truck t. ‘
b) What is the book value expected to be when the truck
is 6 years old?

The birthrate in a particular country has been declining linearly
in recent years. In 1970 the birthrate was 25.6 births per 1,000
people. In 1978 the birthrate was 23.6 births per 1,000 people.
Assume R equals the birthrate per 1,000 and t equals time
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10.

measured in years since 1970 (t = 0 for 1970)

a) Determine the\lijflear birthrate function. R = f(t).
b) Interpret the meaning of the slope.
c) If the linear pattern continues, what is the expected
birthrate in 1986?
"d) What is the restricted domain for this function?

Two points (p, q) on a linear demand function are ($4.50, 45,000)
and ($5, 36,000) ”
a) Determine the demand function q = f(p)
b) What price would result in a demand of 58,500 units?
c) Determine the y intercept and interpret its meaning.
d) Determine the x intercept and interpret its meaning.

Two points (p, q) on a linear supply function are ($10, 450,000)
and ($15, 750,000)

a) Determine the supply function q = f(p)

b) What price would result in suppliers offering 100,000
units for sale?

c) Interpret the slope of the supply function.

d) What is the x intercept? Interpret the meaning of
this point.

Annual sales for a company have been increasing linearly at a rate
of $4.5 million per year since 1972. Sales in 1975 were $260
million. Assume S equals annual sales in millions of dollars and
t equals time in years(measured since 1972)

a) Determine the function S = f(t)

b) What were annual sales in 1972?
c) What are annual sales expected to equal in 1990?

A publisher has a fixed cost of $90,000 associated with the
production of a college mathematics book. The contribution
to profit and fixed cost from the sale of each book is $2.50.
a) Determine the number of books which must be sold

in order to break-even.
b) What is the expected profit if 30,000 books are sold?
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11.

12.

138.

14.

15.

16.

17.

A local college basketball team has added a national power to next
year’s schedule. The other team has agreed to play the game for
a guaranteed fee of $10,000 plus 20 percent of the gate receipts.
Assume ticket prices are $5. ’ )

a) Detemine the number of tickets which must be sold
to recover the $10,000 guaranty. .

b) If college officials hope to net a profit of $25,000
from the game, how many tickets must be sold?

A firm has two equipment alternatives it can choose from in
producing a new product. One automated piece of equipment
costs $100,000 and produces items at a cost of $2.50 per unit.
Another semiautomated piece of equipment costs $40,000 and
produces items at a cost of $3 per unit.

a) What volume of output makes the two pieces of
equipment equally costly?

b) If 100,000 units are going to be produced, which
piece of equipment is the least costly? What is the
minimum cost?

Determine the equilibrium price and quantity if
qq = 50,000 —75p and qg = 10,000 + 25p

Using simultaneous equations, determine the linear function
which contains the points (7.5, 4) and (6.0, 6)

Using simultaneous equations, determine the quadratic function
which contains the points (—1,2),(2, 8), and (4, 32).

A company is combining peanuts, cashews, and almonds to form
1000 pounds of a mixed-nut blend. Peanuts cost $0.60 per
pound, cashews $1.10 per pound, and almonds $1.40 per
pound. The number of pounds of cashews used in the blend
should equal the number of pounds of almonds. If the blend
is to cost $695, determine the number of pounds of each type
of nut which should be used?

A company sells a product for $65 per unit. Raw material costs
are $25 per umit, labor costs are $20 per unit, shipping costs are
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18.

19.

20.

21.

$5 per unit, and annual fixed costs are $75,000,

a) Determine the profit function P = f(x), where x
equals the number of units sold.
b) How many units must be sold in order to earn an

annual profit of $150,000?

A piece of equipment had a book value of $60,000 when it was
2 years old and a book value of $37,500 when it was 5 vears old.
Assume that it is being deprectiated by a straight-line method.

a) What was the original book value?

b) At what annual rate is the piece of equipment being
depreciated?

c) When will the book value equal 0?

A student organization is planning a ski week during semester
break. It has arranged a package deal with a ski resort which
provides for meals, equipment, lodging, and lift tickets at a cost
of $180 per person plus a fixed cost of $2,000 for arranging
special facilities and activities. Transportation cost are expected
to equal $20 per person. Assume the student organization charges
each student $225 for the complete package (transportation
included).

a) How many students will be required in order to break
even?

b) If the school subsidizes the trip by contributing
$600, how many students will be required?

Determine the market equilibrium price and quantity if

qq = 60,000 — 250p and qg = 150p + 20,000

A company produces three products, each of which must be
processed through three different departments. Table below
summarizes the hours required per unit of each product in each
department as well as the weekly capacities in each department.
Formulate, but do not solve, the system of equations which
when solved, would indicate whether there are any combinations
of -the three products that would consume the weekly labor
availability in all departments.
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Table No 21

Department 1 Department 2 Department 3
Product A & 7 5
Product B 2 4 5
Product C 2 1 3
Hours available/wk 80 60 100

5.4 Inverse Functions:

Consider the case of a function,

y = f(x)
the value of the variable y depends upon and is uniquely determined
by the value of the variable x. If it is possible to determine x as a
function of vy, g(y), then g(y) is the inverse function of y = f(x),
that is

x = g(y)

In this case of inverse function, x becomes dependent
variable and y becomes independent variable.

Therefore, x = g(y) is termed the inverse of y = f(x)
mathematically, it is written as f(x) ——> f~1(x)

Example 1:

y = f(x) = 400 + 2x
The inverse function is

x = g(y) = 0.5y — 200

>
a

|

Example 2:
y = 4x + 10

The inverse of this functionis x = 0.259 —2.5.
Thus the inverse was found by solving the function for
x in terms of y;that is, x = g(y). " Ans

141




Example 3:

Suppose that sales as a function of advertising are reflected by the
equation
x, 0< x< 4

y:
2 +0.52, 4<x<6

Write the equation for the inverse function which describes advertising
as a function of sales. ’
Solution:

If y = X, 0 £« x< 4

Find x in term of y

- - X =Y, 0<Y<4

If y =2 + 0.5x, 4 < XxXg 6
0.5x =y -2
y = 2

X=0-5 ) 4\<y\<5

X =2y - 4, 4 £y <5

Note: that the range of y is between 4 and 5 since the
permissible value of x is between 4 and 6.
". The required inverse function is

0 < <
x={y’ y <4 Ans
2y - 4, 4<yg5h

Functions such as y = 4x — 3, in which the dependent
variable is clearly designated as y and the dependent variable as x, are
termed explicit functions, A function can also be defined implicitly. As
an example, the equation 5x — 2y = 14 implicitly defines x in terms
of y.

If y is allowed to assume a certain value, then x is implicitly
defined by the equation. Similarly, y is an implicit function of x in
that if x is permitted to take on certain values, the value of Yy is
implicitly established by the equation. If we are given the equation
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h(x, y) = 0, then y = f(x) and x = g(y) are inverse functions.

Example 4:

Consider the implicit function 3x + 4y — 6 = 0. Determine y = f(x)
and x = g(y) for this function, .
Solution:

The explicit function of y in terms of x is

3x + 4y -6 = 0
4y =-3x + 6
-3x 6
y = 7 +7
y = =0.75x + 1.5 Ans

and the explicit function of x in terms of y is ‘

3x +4y -6 = 0
3x = -4y + 6
~dy 6
X = T *t3
X = =-1.33y + 2 Ans

Example 5:

For the implicit function x + 2y — 10 = 0, determine the explicit
functionsy = f(x) and x = g(y)

Solution:

To find the explicit function y = f(x), consider

X+ 2y —10 = 0
2y = -x + 10
1 10
Y = —-E'X+°2~'~
y = =0.5% + 3 Ans




and the explicit function or the inverse x = g(y) is

X + 2y - 10 - 0
x = 10 - 2y Ans

Example 6:

Determine the inverse of the explicit function y = x2

Solution:
To find the inverse of y = x2, express X into terms of y.
2
y = x
x = tyy
They are both inverse functions of y = x2. ' Ans

EXERCISE: 5-3

1. A certain chemical is produced as it passes through two
production processes. In the first process, there is a shrinkage of
10 percent, and in the second there is a shrinkage of 20 percent of
the material entering the second process. Develop a functional
réféﬁ&ﬁﬁ)ip between the gallons of input as the independent
variable, x, and the gallons of output as the dependent variable, y.

a) Give the rule for the function in equation form and
indicate its domain (that is, the values of x for
which the function is valid).

b) Also give the equation for the relationship that
allows one to find the number of gallons needed to
product a given output. This is called the inverse
function of the first.

&
2. Define the inverse of each of the function rules below. If the
inverse cannot be defined, give the reason.
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a) y=5+2xfor 0<x<5and 5<y<15.

b) [(1, 6), (2, 7), (3,9), (4, 9), (5, 10)] for x the set
of positive integers less than 6 and y the set of
positive integers greater than 6 and less than 11.

c) y= xL: .all real x and y, where 1 is an integer.

d) y= x2: all real and positive x and y.

3. A bank charges interest of ‘a’ percent per year on the original
balance of a 36-month consumer credit loan. Equal payments
are made each month.

a) Express the monthly-payment amount, y, as a
function of the amount borrowed, x.

b) If a borrower can afford to pay back a maximum of
y per month, what is the maximum credit that he
should be granted?

4. A firm has a demand for its product which is a function of the
product’s price. The function is x = 10,000 — p for x and p
real and greater than zero. The cost of production, c, is equal
to 4000 + 5x for x greater than zero. Express the firm’s profit,
y, as a function of only the price it charges and given the range
for which the function holds.

5.5 Exponential Function:

An exponential function is one of the form
y = f(x) =a¥
Where a > 0, a # 1 is a real constant and x is any real number.
It involves a constant raised to a variable power.
Consider y = f(x) = 2%

x -10 -5 ~4 -3 2 f{-1{0l1}21]3|s5]10

y=2"10.00098]0.031{0.0625{0.125(0.25[0.5|1.0/2.014.0(8.0| 32| 1024
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For increasingly .negative values of x, the value
of 2% is very close to -zero, but positive. For large positive
values of x, the value of 2% is very largejand positive.

As show in the table, it can be concluded that
the domain of f(x) = 2% is the set of real numbers and the range
is the set of positive real numbers.

5T 4

The graph of f(x) = 2¥ is typical of all exponential
functions whose base is larger than one. Such functions are positive
everywhere and are increasing functions on their domain. Each of
their graph passes through the point (0, 1) and thereafter rises rapidly
as x increases as shown in the graphs below

T
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L4, fi)=2%| |
RN L regstl B g =as
| l l
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146



Exponential functions, as shown above, are often
used as model for describing such phenomena in business as the
growth of bacteria, population growth, and compound interest.
We refer to such curves as growth cyrves.

Consider y= fx) = (J{)x

Plot certain points on the graph

X’ -10|-5(-4(-3}-2{-1] 0] 1| 2 3 4 5 10

X
y= 7) 102432116 8| 4} 2| 1 0.5{0,25/0.125|0.06250.031}0.00098

-3

or. y

If
N
|
"

-

For increasingly negative values of x, the value of
}x becomes large and positive; for large positive values of x,
)x is close to zero and positive.
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The graph of f(x) = (4)* s typical of all
exponential functions whose base is smaller than one. Such
functions are positive everywhere and are decreasing on their
domain. Each of their graphs passes through the point (0, 1)
and thereafter the graph decreases as x increases.
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Exponential functions of this type are often used
as models for describing phenomena in business such as deprecia-
tion, and price-demand curves. We refer to such curves as decay
curves.

Example 1:

A man deposits $100 .in a bank that pays 5 percent interest
per annum compounded annually. How much is in his account after x
years? We assume the interest paid is left in the account.

Solution:
The initial amount PO = $100
If P1 = amount after one year, then
P1 = 100 + 0.05(100) = 105
or P1 = PO + O.OS(PO) = (1 + 0.05) Po
if P2 = amount at the end of the 2_11_@ year, then
P2 = 131 + 0.05(P1) = (1 + 0.05)(1 + 0.05) P
o
2
P (1 + 0.05)
o
= = = x
PX Px + 0.05Px Px(1 + 0.05) = PO(1 + 0.05)
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Dt Labtici > LiuTary, Au
Thus, the balance after x years is given as an exponential
function whose base is larger than one.

Example 2:

A ,8(450,000 car depreciates in such a way that the car’s value each
year is —g— of its value a year earlier. What is the worth of the car after 18 months?
What is it worth after 40 months? After t months?

Solution:

There i1s a relationship between the worth (W) of the car
and the time (t) of ownership.

W = f(t)
where W = worth of the car in baht and
t = time in months.
At t = 0 the car is worth its original cost B450,000
Thus 450,000 = £(0) —m0m — (1)

After 12 months (t = 12), the value 1is 2 of B450,000

3
or ¥300,000. That is,
2
3 (450,000) = £(12)
or 300,000 = f(12) e (2)

After 12 more months, the new value is

%— (300,000) = £(24)
or 200,000 = £(24)
/
or (Z)( Z (450,000) = £(2%x12)
3 3
= £(2%12)

<g>2<450,000)
3
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After 12 more months,

%‘ (200,000) = £(36)

2y (2)2 - x
(§>(3)(3)(450,000) = £(3x12)
\3
(—3~> (450,000) = £(3%12)

In general, we conclude that

!

2\
<§> (450,000) = f£(n.12)

This formula is accurate for multiples of 12 months.

we want to know the value after 18 months.

Set "t = 12n

2\ B
. w = f(t) = 450,000 (3-)12
9 18
Then W = £(18) = 450,000 (-3—)12 = PB244,949
2 40
W = £(40) = 450,000 (-:—3-)12 = B116,477
Example 3:

But

Ans

A new car costing B(450,000 depreciates in such a way that each
year it is worth % of what it was worth a year earlier. What is the cost of the car

due to depreciation after 18 months? After t months?

Solution.

Cost due to depreciaton is = $450,000 — worth of a car.

Use the result obtained in example 2, we get
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a) Cost due to depreciation after t months is

1]

t
$450,000 - 450,000 %) Tz

5 +
450,000 E ~(§)T7

b) The cost due to depreciation after 18 months is
B450,000 - 244,949
B205,051 Ans

"

i

Example 4:
The predicted population P(t) of a city is given by
P(t) = 100,000°0-05¢

Where t is the number of years after 1980. Predict the population
in the year 2000.

Solution:
From 1980 - 2000 = ¢t = 20 years.
. P(20) = 100,000 0% 20
= 100,000e"

Since e = 2.71828, the predicted population 20 years after
1980 is approximately is

i

P(20) 100,000(2.71828)

= 271,828 Ans

In general, the models of the curves of the exponential
functions can be summarized as follows:

In case of y = a* (where a > 0)

1. If a > 1, the curve rises to the right and approaches the x-axis
to the left.

2. If 0 <a <1, the curve rises to the left and approaches the x-axis
to the right.
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% fet s and b be numbers such that 1 < a < b, than

a) for x > 0, the curve corresponding to y = b™ is above

the curve corresponding to v = a*X.

b) for x < 0, the curve y = b® is below the curve v = at.
In case of y = ma* (where a > 0)

4, If m >0, the function lies above the x-axis.

5. If m <0, curve lies below the x-axis.

6. The domain of an exponential functions is all real numbers,
and the range is all positive numbers.

5.7 Logarithmic Function:

Logarithmic function is related to exponential function.
The logarithmic function base b, denoted logy,, is defined by

y = logbx
if and only if bY= x

The domain of logy, is all positive numbers and its range is
all real numbers.

The logarithmic function reverses the action of the
exponential function. Because of this we say that the logarithmic
function is the inverse of the exponential function.

Example:
logb:c =y o

In this sense, the logarithmic of a number is an exponent.

To draw logarithmic function, express it in the exponential form.
Then choose convenient values of y and find the corresponding values of x to
plot the graph.
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In x
1n e
In 1

In 0

In(-1)

logex = natural (or Naperiams)logarithm

irrational number == 2.71828
1, since e' = e

. o
0, since e = 1
it is not defined since there is no number

"m" for which em = 0
undefined since there is no "m" for which.

em = -1

Negative numbers do not have logarithms

logaM 1ong
1ogba
Example 1: y
Graph the function y = logwx
Solution:
x = 107
First express the logarithmic
function into the exponential
form °
1
‘Ux =107
Example 2:

Draw y = logzm

Solution:

y = log,x

x = 2Y
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Example 3: y
Draw y =1lnx

Solution: x = oY
In expohential form we get, r _///////7/////,—‘

i x
X = ey ) 1
Example 4:
ample : y

Draw y = 1og% x

Solution:

» X
In term of exponential function o ‘\\\\‘\5\_‘\—_—
y -
1 -y y
x ={ = = 2 x=(1
(2> (2)

Example 5:

Draw y = logg(—:::)

. x = —39Y
Solution: \
In exponential form x -2y x

In general,
1.  In case of y = log,(%x)

or x=ay

x —a¥

If x = aY, the entire curve is to the right of y—axis.
If x = -aY, then the entire curve is to the left of y- axis.
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2. Intheequationy = log,x. if a > 1, the curve rises
toward the right; if a < 1, the curve goes
downward toward the right.

Since logarithmic functions is the reverse of the exponential

function, then nature of various curves would be similarly to the
general rule given in the exponential section.

EXERCISE: 5 -4

In Problems 1 - 6, graph each function.

X 1 x
1. y=£(x) =4". 2. y=f(x)=(§-).
3. y = £(x) =247, 4. y = f(x) =12-(3*/2).
5. y = f(x) = log3x. 6. y=f(x) = log;ix.

In Problems 7 - 14, use the tables in Appendices to find the approxi-
mate value of each expression. ’

7. e"s. ' 8. e3'4.

3
9. e_'4. 10. e *.
11. 1in 5, 12. 1n 3.12.
13. 1n 7.39. 14. 1n 9.98.

In Problem 15 - 26 express each logarithmic form exponentially and
each exponential form logarithmically.

15. 25% = 5. 16. 2 = log,, 144.
, ,
17. 10% = 10,000. 18. log, 4 = -2.
19. log, 64 = 6. 20. 8273 _ 4.
21. log, x = 14. 22. 10748302 _ 5 041,
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23. e2 = 7.3891. 24. e'33647 =1.4.
25. 1ln 3 = 1.0986. 26. log 5 = .6990.
In Problems 27 - 50, find x.
27. log3 X = 2. 28, log2 X = 4.
29. lc»g5 x = 3. 30. log4 x =0,
31, log x = -1. 32. lInx=1.
33. 1ln x = 2. 34. logx 100 = 2.
1

- == - 36. E

35 logx 8 3 logx 3 5 -
1

. -_—= -}, 8- = -
37. log g = - 38. log y =1
39. log4 16 = x. 40, log3 1 = x.

1

. = X. 42. —_—=
41 log 10,000 x 2 log2 16 X.
43. log25 5 = x. 44. log9 9 = x.
45. log3 X = =4, 46 . logx (2x - 3)
47, logx (6 - x) = 2. 48, log8 64 = x - 1.
49. 2+logz4=3x—1. 50, log3 (x + 2) =

In Problems 51 - 58, find x and express your ans

logarithms.
51. 2% = 5. 52. 43 .
53. X = 2. 54 . = 4.
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Ix

55. 5(3%-6) = 10. 56. .le = .5,

57. e2x_5+1 58 . 3e2x—1 =

]
S
N =

59. The predicted pogulatlon P of a city is given by
= 125,000(1.12)t/20, where t is the number of years after
1980 Predict the populatlon in 2000.

60. For a certain city the population P grows at the rate of 2 percent

: per year. The formula P = 1,000,000(1. 02) gives the population
t years after 1980. Find the population in (a) 1980 and
(b) 1982.

61. Interest is said to be compounded continuously if the accumu-
lated amount S of a principal P after n years at an annual rate of
r (expressed as a decimal) is given by the formula S = Pe'™
Find the amount that $1,000 will become after eight years with
interest compounded continuously at an annual rate of .05.

62. The formula A = Pe™™ gives the amount at the end of n years
of a principal P which depreciates at a rate of r (expressed as
a decimal) per year compounded continuously. What is the
value at the end of ten years of $60,000 of machinery which
depreciates at a rate of 8 percent, compounded continuously?
Give your answer to the nearest dollar.

63. The demand equation for a certain product is g = 80 — 2p
Sketch its graph and choose q for the horizontal axis.
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CHAPTER 6

STRAIGHT LINE

6.1 Lines:

Many relationship in economics can be represented by
straight lines. One feature of a straight line is its ‘steepness. Take for
example, the line Ly and Lo ¥ :
as shown in the figure, L, rises
faster as it goes from left to
right than line Lg. In this Lz
sense it is steeper. —

To measure the steep- : x

ness of a line, we introduce the
notion of slope. ¥

Consider two points
(2, 1) and (4, 5) on the line L.
As the x-coordinate increases
from 2 to 4, the y-coordinate
increases from 1 to 5. The
average rate of change of y
with respect to x is the ratio.

Vertical change = 3

|
1
|
1
!
1
|
1
|
1

Hor:zontar ~hange 2

changeiny 5-1
changeinx 4 —2

4
5—2.

Therefore, 2 is the slope of L. This means that for cach
l-unit increase in X, there 1s a 2-unit increase in vy.

In general, if (x, yy) and (x9, y9) are two different points
on a nonvertical -line, the slope m of the line is

Y2 =i ( vertical change )
m = = - )
. X3 — X, horizontal change
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Case 1:

Find the slope of the horizontal line through (2, '2) and (3, 2).

Y
Solution:
"= _vertical change )
! horizontal change | 3t
(2,2) (3,2)
24 Y -
ma22TX _2-2_0 ™
X—x, 3-2 1 ) Slope =0
Therefore, the slope of horizon- TR )
tal line is O, Ans
© Case 2:
Find the slope of the vertical line through (2, 2) and (2, 3).
y
Solution: /_Slope ngt dafined
- vertical chﬁa_nﬁg_g_ i
horizontal change 3t 2,3
(2,2)
Y2 — ¥ 3-2 1 I . 24 !
R e 25 e 3T d f d.
m gy 3773 0,whlchlsnot efine
'Thus, the slope of other vertical —tt X
line is not defined. Ans
Case 3:
Find the slope of the line through (2, 3) and (6, 6)
Solution: y, - ¥,
m = =
*2 1
6 -3
T 6 - 2
- 3
= 3 ,
P
Therefore, the slope is = g— Ans
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Case 4:
Find the slope of the line through (2, 4) and (6, 1).

Solution: Y

\
~

N
4i--e(2,4)

I A S

{ - -
A x
_ vertical change _ Yo =Yy
M = fhorizontal change Xy X
o 1-4 3
T 6 -2 4
. 3
Hence, the slope is = - & Ans

In summary

The slope of every horizontal line is zero.

The slope of every vertical line is not defined (no slope).
The slope of the line rising from left to right is positive.
The slope of the line falling from left to right is negative.

Ll A
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6.2 Point - Slope Form:

Suppose that line L
has slope m, that it passes
through (x4, yy), and that (x,
y) is any other point on L.

y =
Then m = :
x = x

y = vy =m{x — x,)-

{1y y4}

Therefore, every point on L satisfies the equation and any
point satisfying the equation must lie on L.

Hence y — y; = m(x

x1) is the pointslope form of an

equation of the line through (x, y{) and having slope m.

Example 1:

Determine an equation of the line that has slope 2 and passes through

(1, —3) and sketch the graph.

y=2x~5

/

Solution:
Hérem:2arﬁd (x1,y1) = (1, =-3)
Using a point-slope form, we have
y -, = m(x - X i
y —-(-3) = 2(x - 1) _3]
y + 3 = 2x - 2
y = 2x -5 Ans |
_5)
Example 2:

|
+
1

(0,-5)

Determine an equation of the line passing through (—3, 8) and (4, ~2)




Solution:

First, find the slope of the line.

Yy T Yy
m = X - X
2 1
Let (x1, y1) = (-3, 8) and (x2, y2) = (4, =2)
N . -—2-8 _-10
T4 - (=3) T 7

Then use a point-slope form with either point as (x4, y;)
Here we take (-3, 8) as (xy, yq)

Y—y1 =m(x—x1)
10 :
y - 8 —7—[x-(-3)]
y - 8 = —17—9(x+3) Ans

6.3 Slope-Intercept Form:

A point (0, b) where a graph intersects the y-axi; is called a
y-intercept. If the slope and y-intercept of a line L are known, an
equation for L can be found by using a point-slope form.

Since (x1, y1) = (0, b)
-
.‘.y—y1 = m(x_—x1)
y - b = m(x - 0)
y - b = mX
or . y = mX + b

Therefore y = mx + b is the slope-intercept form of an equa-
tion of the line with slope m and y-intercept (0, b)
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Example 1+

Determine the equation of the line with slope 3 and y-intercept (0, —4)

y
Solution:
= mX + b X
= 3x + (~4)
= 3x ~ 4 Ans
Example 2:

Find the slope-intercept form of an equation of the line passing through
(—3, 8) and (4, =2)

Solution:

Find the slope of the line

y2—y1
Moo= e
T X
Put (x1,y1) = (-3, 8) and (x2, yz) = (4, =2)
. —2-8__ _ Z10
S S S5 S

Then use a point-slope form:
v - Y, :m(x~x1)

gy -8 = -9 % (3]

~J

- 10, 30
7 7

%
!

<
N

~
?




Example 3:

From the equation y =%=x — 6, point out the slope and y—intercept
of the line.

Solution:

Here m =

| W

]
—~
o
1
o2}

and y-intercept is Ans

6.4 Linear Function:

Definition: ' A function f is a linear function if and only if
f(x) can be written in the form f(x) = ax + b, where a and b are
constant and a # 0.

Suppose f is a linear function and we let y = f(x). Then
y = ax + b, which is an equation of a straight line with slope ‘a’ and
y-intercept (0, b). Thus the graph of a linear function is a straight
line.

If a vertical line L passes through (a, b), then any other
point (x, y) lies on L if and only if y
x = a. There is no restriction on y. (a,6)
Hence an equation of L is x = a. x=a
Similarly, an equation of the e, p)”
horizontal line passing through (a, b) G x
is y=b. There is no restriction on x.

Every straight line is the graph of an equation of the form
Ax + By + C = 0, where A, B, and C are constants and A and B are
not both zero. And it is called a general linear equation.
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Example 1:
Sketch the graph of the vertical line through (—2, 3)
Solution: -2,3)

The vertical line is x = =2, Ans

Example 2:

Find the equations of the vertical and horizontal lines passing through
the origin.

Solution:
An equation of the x-axis is y = 0
Ans
and an equation of the y-axis is x = 0

Example 3:
Sketch the graph of 2x — 3y +6 = 0
Solution:

Since it is an equation of a straight line, only two points
on-the line are needed to sketch the graph.

2
-3 y

0,21,

Now draw the line passing
. 2x-3y+6=0
through (0,2) and (-3,0) Ans y//////i' x~3y
(=3,0 7 |

If x =0, then vy
If y = 0, then x

i

i)

T t
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Example 4.

Suppose a manufacturer has 100 kilograms of material from which
he can produce two products, A and B, which require 4 kilograms and 2 kilograms
of material per unit respectively. Write the equation and sketch the graph.

Solution:

If x and y denote the number of units produced of A and B,
respectively, then all levels of production are given by the combina-
tions of x and y that satisfy the equation.

4x + 2y = 100 wherex,y >0
In the slope-intercept form, we get

y = —2x+50

504
40+
30-
20
10

EXERCISE:6-1

In Problems 1-8, find the slope of the straight line which
passes through the given points.

1. (1, 2), @4 8). 2. (-1, 9, (,)5).
3. (6, -3).(-71,95). 4. 2, -4, 3. -9).
5. (=2, 4), (-2, 8). 6. (0, —6). (3.0).
7 8. (1, —6), (1.0).

. (5. -2). (4. -2).
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In Problems 9-22, determine a general linear equation

(Ax + By + C = 0) of the straight line that has the indicated properties
and sketch each line.

9.
10.
i1.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21,
22.

Passes through (1, 2) and has slope 6.
Passes through origin and has slope —5.
Passes through (-2, 5) and has slope —%.
Passes through ( %, 6) and has slope %

Passes through (1, 4) and (8. 7).

Passes through (7, 1) and (7, —5).

Passes through (3, —1) and (42, —9).

Passes through (0, 0) and (2, 3).

Passes through (~2, 5) and (3, 5).

Passes through (4, 3) and (2, 0).

Passés through (2, —8) and is vertical.

Passes through (7, 4) and is horizontal.

Passes through (~1, 3) and is parallel to the line y = 4x = 5.
Passes through (2, 1) and is parallel to the line y = 3 + 2x.

In Problems 23-36, find, if possible, the slope and y-intercept

of the given linear function and sketch the graph.

23.
25.
27.
29.
31.
33.
35,

y=2x -1 24, x~-1=5

3x — 8y = 8. 260 x—-D+(»y-2)=0
x+2p—-3=0. 28. x-.+4=7. '
x= -5 300 x—1=5y+3.
y=3x 32, y —7=13x — 4).
y=1 84, 2y ~3=0.
%_.8y=4, 36. y+7=0.

In Problems 37-46, determine a general linear form and the

slope-intercept form of the given equation.

37.

= —2y + 4. 38. 3x +2y =6

39, 4x +9y ~ 5= 0. 40. 2x -3 -4y +2)=8.
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3. 7 1 - Y oo X
e X_ ¥ _ 4 =L
43. -*i- 3 4, 4.)1 300x+8.
45, 3x 44y —7=2x+3y —6. 46, 3x — 4y =13.

In Problems 47-50, determine the slope and y-intercept of
the given linear function and sketch the graph. ’

47. f(x)=x+ L. 48. f(x) = x.
49, f(x)= —3x +5. 50. f(x) =2x-—3.

In Problems 51le54, determine f(x) if f is a linear function
that has the given properties.

51, slope =5, f(3)=1. B2 f@ =4, f@=—6.
53. f@) =13, f(-1)=12 54. slope= —6, f(3)= —2.

55. A straight line passes through (1, 2) and (-3, 8). Find the point
on it that has a first coordinate of 5.

56. A straight line has slope --3 and passes through (4, —1). Find the
point on it that has a second coordinate of —2.

57. Suppose q and p are related linearly such that p = 12 when q = 40,
and p = 18 when q = 25. Find an equation that satisfies these
conditions. Find p when q = 30. Hint: The given data can be
represented in a g, p-coordinate plane by the points (40, 12)
and (25, 18).

58. Suppose the cost to produce 10 units of a product is $40 and the
cost of 20 units is $70. If cost c is linearly related to output g,
find a linear equation relating ¢ and q. Find the cost to produce
35 units.

59. In production analysis, an isocost line is a line whose points
represent all combinations of two factors of production that
can be purchased for the same amount. Suppose a farmer has
allocated $20,000 for the purchase of x tons of fertilizer (costing
$200 per ton) and y acres of land (costing $2000 per acre). Find
an equation of the isocost line which describes the various
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combinations that can be purchased for $20,000. Observe that
neither x nor y can be negative.

60. Suppose the value of a piece of machinery decreases each year by
10 percent of its original value. If the original value is $8000, find
an equation that expresses the value v of the machinery after
t years of purchase where 0 < t < 10. Sketch the equation,
choosing t as the horizontal axis and v as the vertical axis. What is
the slope of the resulting line? This method of considering the
value of equipment is called straight-line depreciation.

61. A manufacturer produces products X and Y for which the profits
per unit are $4 and $6, respectively. If x units of X and y units
of Y are sold, then the total profit P is given by P = 4x + 6y,
where x, y > 0. (a) Sketch the graph of this equation for P = 240.
The result is called an isoprofit line and its points represent
all combinations of sales that produce a profit of $240.
(b) Determine the slope for P =240. (c)If P=600, determine
the slope. (d) What conclusion can you draw concerning isoprofit
lines for products X and Y?

6.5 Systems of Linear Equations:

In this section, we shall discuss methods of solving a ‘set of
equations’.  The solution will consist of values of the variables for
which all the equations in the set are satisfied simultaneously.

Consider a system of two linear equations in the variables
(or unknowns) x and y.

Let Lj represent the line of the Equation (1) and Lo
represent the line of Equation (2). Since the coordinates of any
point on a line satisfy the equation of that line, the coordinates of
any point of intersection of L; and Lo will satisfy both equations.
Hence a point of intersection will give a solution of the system, and
vice versa, If L; and Lg are sketched on the same plane, there are
three possibilites as to their relative orientations:
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(1) Ly and Lo may be parallel
and have no points in
common. Thus there is no

solution. //' X

NN
N

(2) L; and Lo may intersect u\

at exactly one point (x, y).- Lo
Thus the system has the %%)

solution at that point. ANE

(3) L; and Lo may coincide. . y
Thus the coordinates of any Lols
points. on Ly are a solution \
of the system and so there
are infinitely many solutions.

In this case the given equa- \
tions must be equivalent. ‘

‘Case 1:
Solve the equations
264y =1 ..., (1)
4r + 2y =4 ........ (2)
Solution:
(M) X2 4x + 2y =2 ........ (3)
(2) - (3) 0 =2

Which is never true. So there is no solution to the system.

In term of slope-intercept form, we have
y = -2x + 1 and
y = -2x + 2
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These equations represent straight lines havings slopes of
—2 but different y—intercepts, (0, 1) and (0, 2).

Case 2:
Solve the system
’ TH+Y =T ceinannn.. (1)
T =Y =1 ciieennnenn (2)
Solution:
(1) + (2) 2x 28
X =4
Substitute the value of x in (1)
4 +y =17
y =3
" The solution is x = 4, y = 3 Ans
Case 3:
Solve
20 + 24 =6 L., (1)
3 +3Y =9 L., (2)
Solution:
From (1) X+y =3
X =3 =Y ticencnnn (3)

Substitute eq.(3) in eq.(2)

3(3 - y) +3(y) =9
9 - 3y + 3y
9
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Any solution of eqi i{1}: isi 'alsotution’ of the system
In their slope-intercept forms, we get

or y = -x + 3
and 3x + 3y =9
y = -x + 3

m which both equations represent the same line. Ilence the lines
coincide. The coordinates of any point on the line y = -x+ 3
are a solution, and so there are infinitely many solutions,

The same principles given above can be applied to a system
of more than two linear cquations.

Example 1:
Solve
2X + Yy + % =3 Liiieeiaeann (1)
X + 2y + 28 =1 ... (2)
XK=y =38 = 6 oruuennnnn.. (3)
(2) + (3) y -2 =-5 ..., (4)
(2) x 2 2x + 4y + 43 = 2 ... (5)
(1) + (5) 5y + 52 = 5
VYV + 283 = 1 i (6)
(4) + (6) 2y = -4
y = -2

Substitute the value of y in (6)
-2 + 2= 1
Z2= 3

Substitute the values of vy and 2 in (1)

2x + (=2) + 3 = 3
x = 1
The solution is x =1, y = -2, and 2 = 3 Ans
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Example 2: St. Gabriel's Library, Au

A chemical manufacturer wishes to fill a request for 500 litres of a
25 percent acid solution (25 percent by volume is acid). If solutions of 30 and
18 percent are available in stock, how many litres of each must be mixed to fill
the order?

Solution:

Let x be the number of litres of the 30 percent solution
and y be the number of litres of the 18 percent solution.

Then X +y = 500

or X = (500 = y) i (1)

In 500 litres of a 25 percent solution, there will be

0.25(500) = 125 litres of acid

This acid comes from two sources: 0.30x litres of acid
come from the 30 percent solution and 0.18y litres of acid come
from the 18 percent solution.

Hence
0.30x + 0.18y = 125 ..ttt ineeeeeeannann (2)

Substitute the value of x in (2)

0.30(500 - y) + 0.18y = 125

y = 208% litres

2 Ans

and x 2913— litres

6.6 Nonlinear Systems:
A system of equations in which at least one equation is

not linear is called a nonlinear system. The solutions of such systems
may often be found algebraically as was done with linear systems.
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Example:

Solve
x2—2x+y-—7:0 .............. (1)
3x =y +1 = 0 ceeennneacanns (2)
Solution:
From (2) y = 3x +1 (iic.i... (3)
Substitute(3) in (1) y
2 3X—y+1=0
X =2x 4+ 3x+ 1) =7 =20
x2+x—6=0 @7
(x + 3)(x - 2) =0 X2 -2x+y-7=0
X =2, or X = =3
X
If X = -3, then y = -8;
If x = 2, theny = 7 Ans
(-3,-8)

6.7 Some Applications of Systems of Equations:

For each price level of a product there is a corresponding
quantity of the product that consumers will demand (that is,
purchase) during some time period. Usually, the higher the price, the
smaller the quantity demanded; as the price falls, the quantity
demanded increases.

On the other hand, in response to various prices, there is a
corresponding quantity of output of a product that producers are
willing to place on the market during some time period. Usually, the
higher the price per umit, the larger the quantity that producers are
willing to supply; as the price falls, so will the quantity supplied.

174



The quantities of a product that will be demanded or
supplied per unit of time at all possible alternative prices can be
indicated geometrically on a coordinate plane by a demand or supply
curve.

p 4
Demand curve

Supply curve
d———““—%

I
!
|
!
i
. : .
0 q g " q

The point (a, b) from figure (a) indicates that at a price of
‘b’ dollars per unit, consummers will demand ‘a’ units per week.
Similarly, in figure (b), the point (c, d) indicates that at a price of ‘d’
dollars each, producers will supply ‘c’ units per week.

In most cases a demand curve falls from left to right. This
reflects the relationship that consumers will buy more of a product.
as its price goes down. A supply curve usually rises from left to right.
This indicates that a producer will supply more of a product at higher.
prices.

An equation that relates price per unit and quantity
demanded (supplied) is called a demand equation (supply equation).

When both the demand and supply curves of a product are
représented on the same coordinate plane, the point (m, n) at which
the curves intersect is called the point of eqilibrium. The price n, called
the equilibrium price, is the price at which consumers will purchase
the same quantity of a product that producers wish to sell at the price,
In short, n is the price at which #
stability in the producer-consumer
relationship occurs. The quantity
m is called the equilibrium quantity.

Supply curve

Demand curve
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Example 1:

Let = ——8—q + 50 be the supply equation for a certain manufacturer.
Suppose the demand per week for his product is 100 ur;its when the pr{'ce is $58
per unit, and 200 units per week at $51 each.

a) Determine the demand equation, assuming that it is linear,

b) If a tax of $1.50 per unit is to be imposed on the manufacturer,
how will the original equilibrium price be affected if the demand
remains the same?

c¢) Determine the total revenue obtained by the manufacturer at
the equilibrium point both before and after the tax.

Solution:

a) Since the demand equation is linear, the demand curve
must be a straight line. From the given data we
“conclude that the points (100, 58) and (200, 51) liec on
this line and thus its slope is

51 - %9 7
% 30500 T T 700
An equation of the line is
p-p = mlg-q)
p—58=—‘—g~6-(q—100)
or p = _i-(?ﬁ'q+65 Ans

b) Before the tax, the equilibrium price is obtained by
solving the system

P = 5 a4+ 50 ...l ()
P o= - rap A+ 65 ... 2)
- T%E q + 65 = Tgﬁ-q + 50
15 = %%E q
q = 100

Substitute value of q in (1)

8 .
P = 3730 (100) + 50
= 58

Thus, $58 is the original equilibrium price
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Before the tax the manufacturer supplies q units at a price
of p =-1-§6 q + 50 per unit. After the tax he will sell the same q units
for an additional $1.50 per unit.

The price per unit will then be = <T§6 q + SO) + 1.50
Thus' the new supply equation will be p 150 q + 51.50
Solving the system p = T§5 q+ 51.50 ....... ..., (1)
‘ ‘ 7
P =-31559+ 65 L .....i..... (2)
(1) = (2) Then, — 51.50 = - —'—q + 65
= e 750 12120 = - qa 4
15
—mq_—. 13.50
qg = 90
and p = 8 (90) + 51.50 = 58.70
: 100
p

The tax of $1.50 per 4L
unit increases consequently, the
equilibrium price by $0.70. There
is also a decrease in the equilibrium
quantity from q = 100 to q = 90. 601~

Ans

Supply curve
after tax

(90,58,70)

l

upply curve
before tax.

&-~(100, 58)

rmand curve
51.5

50

[

’ 100 260

q

(c) If q units of a product are sold at a price of p dollars
cach, then the total revenue (yp) is given by
Yer = P4
Before the tax the revenue at (100, 58) is
Yor = (100)(58) = $5800  Ans
After the tax it is

Yep = (90)(58.70) = $5283 Ans
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Example 2:

Find the equilibrium point if the supply and demami equations of a
product are

P = 7430- + 10 and p = 8999 respectively.

q
Solution:
Solve the s;&stem:
- 9 p
P = —F* 10 L. 1)
p = B00C )
q ,
N 8000 g
(1) = (2) Then, p =5+ 10 - .
q’+ 400g - 320,000 = 0 20 P=go* 0

0
(q + 800)(g - 400) = O .

1 1 A 1
80 160 240 320 400
g = -B00 or g = 400

Since q represents quantity, it should be positive number.

Ans

Therefore, q = 400
and p = 20

Profit (or Loss) = Total Revenue — Total Cost.
Total Cost: is the sum of total variable costs and total fixed costs.

Fixed Costs: are those costs that under normal conditions do not
depend on the level of production; that is, over some
period of time they remain costant at all levels of
output. Examples are rent, officers’ salaries and normal
maintenance.

Variable Costs: are those costs that vary with the level of production
(such as cost of materials, labor, maintenance due to
wear and tear, etc.)

The break-even point: is the point at which Total Revenue = Total
Cost. 1t occurs when the level of production and sales
result in neither a profit nor a loss to the manufacturer.
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Example:

Suppose a manufacturer produces product A and sells it at
$8.00 per unit. If the cost of production per unit is $Z§, and fixed
cost is $5000.

Then total revenue TR = Bg........... )
Total Cost = variable costs + fixed costs
= 2; g + 5000...... (2)

The break-even point is where the graphs of total revenue
(TR) and total cost (TC) intersect, as shown in the figure.

m = break-even gquantity. y (Revgngg, costs)
in doliars
n = break-even revenue. 1 Rreak -~ even pojnt
22
TC 39+ 5000
m, n)
‘/ .
5000 _ FC = 5000
;i >
500 1000-

Example 1:

A manufacturer sells his product at $8 per unit, selling all that he
produces. His fixed cost is $5000 and the variable cost per uhit is 22 (dollars).
Find g

a) the total out put and revenue at the break-even point.

b)  the profit when 1800 units are produced.

c) the loss when 450 units are produced

d)  the output required to obtain a profit of $10,000.

Solution:

a) At an output level of q units, the variable cost is.
22 q and the total revenue = 8q.
9
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Hence,

TR = 8q
TC = VC + FC
22
= ££ 0
5 q + 5000

At the break-cven point, total revenue! = total cost.

TR = TC

8q = —g—?- q + 5000
2% = 5000

qg = 900

Thus the desired outpht is 900 units, resulting in a total revenue
of = 8(900) = $7200  Ans
b) To find the profit when 1800 units are produced:

Profit = Total revenue - Total Cost

(8)(1800) - [ (1800) + 5000]
$5000 Ans

il

c) To determine the loss when 450 units are produced:

The Loss. = Total revenue - Total Cost
-~ 8(450) - [%% (450) + soo§]
= - $2500 Ans

(negative profit = loss)

d)  To determine to output required to obtain a profit of
$10,000.,

Profit = TR - TC
10,000 = 8q -(%gq+ 5000)
15,000 = g_o- q
q = 2700
Thus 2700 units must be produced. Ans
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Exalilple 2:

Determine the break-even quantity of XYZ Manufacturing Co. given
the following data: total fixed cost, $1200; variable cost per unit, $2, total
revenue for selling q units, TR = 100 4q.

Solution:
Total Revenue TR = 100 \/q.
Total Cost. TC = Variable costs + Fixed Costs
= 29 + 1200

To find the break-even quantity we have to determine the

point of intersection between the total revenue and total cest
C = 2g+1200

To solve the systemE TR = TC 1
. 3000{.
L. 100 Ng = 2g + 1200
50 J§ = q + 600
2 2000~
or 2500qg = q + 1200g + 360,000
q2- 1300g + 360,000 = O TR = 100 ‘/C-I‘
(g - 400)(g - 900) = O
q = 400 or g = 900 N | a
400 900
Thus g = 400 and g = 900 are both break-even gquantities Ans |

Note that there will always be a loss when q > 900. Thus
~ producting more than the break-even quantity does not necessarily
guarantee a profit.

0

EXERCISE: 6 -2

1. Suppose a manufacturer of shoes will place on the market 50
(thousand pairs) when the price is 35 (dollars per pair) and 35
when the price is 30. Find the supply equation, assuming that it
is linear.

2. Suppose consumers will demand 20 (thousand) pairs of shoes

when the price is 35 (dollars per pair) and 25 pairs when the
price is 30. Find the demand equation, assuming that it is linear.
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In Problem 3-10, the first equation is a supply equation and
the second is a demand equation for a product. If p represents price
per unit in dollars and q represents the number of units per unit of
time, find the equilibrium point. In Problem. 3 and 4 sketch the
system. )

8. p=i%xq+2 4. p =g +3,
p——%q+12. P""'ﬁlﬁéq"'i}-
5. 35¢~2p+250=0, 6. 246p — 3.25¢ — 2460 = 0,
65g + p — 531.5=0. 410p + 3q — 14,4525 = 0.
7. p=2q +20, 8. p=(q+ 107
p =200 — 24% p = 388 — 169 — 4%
9. p=Vg+10, 10. p=-;-q+5,
p=20-gq p=;§%.

In Problems 11-16, TR represents total revenue in dollars and
TC represents total cost in dollars for a manufacturer. If q represents
both the number of units produced and the number of units sold,

find the break-even quantity. Sketch a break-even chart in Problems
11 and 12.

11, yra=3q, 12, yra = 14q,

Yre = 2q + 4500. yre =%4q + 1200.
13. yrz = .054, 14. yrae= 254,

yrc = .85g + 600. yre = .16g + 360.
15. yrg =100 - "]—1:—)_—0.—;—6, 16. yra =.1g2 + g,

Yre = q + 40. - Yre = 2¢ + 500.

17. The supply and demand equations for a certain product are
3q — 200p + 1800 = 0 and 3q + 100p — 1800 = 0, respectively,
where p represents the price per unit in dollars, and q represents
the number of units per time period.

a) Find the equilibrium price algebraically, and derive it
.graphically.
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18.

20.

21.

b) Find the equilibrium price when a tax of 27 cents per unit is
imposed on the supplier.

A manufacturer of a product sells all that he produces. His total
revenue is given by !TR = 7q and his total cost is given by
TC = 6q + 800, where q represents the number of units produced
and sold. ‘

a) Find the level of production at the break-even point and
draw the break-even chart,

b) Find the level of production at the break-even point if
the total cost increases by 5 percent.

A manufacturer sells his product at $8.35 per uait, selling all he
produces. His. fixed cost is $2116 and his variable cost is $7.20
per unit. At what level of production will he have a profit of
$4600? At what level of production will he have a loss of $1150?
At what level of production will he break even?

The market equilibrium point for a product occurs when 13,5600
units are produced at a price of $4.50 per unit. The producer will
supply no units at $1 and the consumers will demand no units at
$20. Find. the supply and demand equations if they are both
linear.

A manufacturer of widgets will break even at a sales volume
of $200,000. Fixed costs are $40,000 and each unit of output
sells for $5. Dctermine the variable cost per unit.

The Footsie Sandal Co. manufactures sandals for which the
material cost it $0.80 per pair and the labor cost is $0.90 per
pair. Additional variable costs amount to $0.30 per pair. Fixed
costs are $70,000. If each pair sells for $2.50, how many pairs
must be sold for the company to break even?

Find the break-even point for Company Z, which sells all it

produces, if the variable cost per unit is $2, fixed costs are $1050,
and TR = 50 4/q, where q is the number of units of cutput.
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24

25,

26.

27,

A company has determined that the demand equation for its
product is p= 1000/q;where p is the price per unit for q units in
some time period. Determine the quantity demanded when the
price per unit is: (a) $4; (b) $2; (c) $0.50. For each of these
prices, determine the total revenue that the company will receive.
What will be the revenue regardless of the price? (Hint: Find the
revenue when the price is p dollars.)

A firm produces a product which sells at a price of $25 per unit.
Variable costs are estimated to be $18.75 per unit, and fixed
costs are $50,000.

a) Determine the break-even level of output.

b) Compute total cost and total revenue at the break-even
point.

c) What will profit equal if demand equals 7,500 units?

A firm produces a product which sells at a price of $150 per unit.
Variable cost per unit is estimated at $130, and fixed costs are
$250,000.

a) Determine the break-even level of output.
b) Compute total cost and total revenue at the break-even point.
c) What will profit equal if 12,000 units are demanded?

A local charity organization is planning a chartered flight and
one-week vacation to the Caribbean. The venture is a fund-raising
effort. A package deal has been worked out with a commercial
airline in which the charity will be charged a fixed cost of $10,000
plus $300 per person. The $300 covers the flight. cost, transfers,
hotel, meals, and tips. The organization is planning to price the
package at $450 per person.

a) Determine the number of persons necessary to break even on
the venture.

b) The goal of the orgainzation is to net a profit of $10,000.
How many people must participate for the goal to be
realized?
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28. Assume that the organization in Exercise 27 has received pledges

99,

30.

31.

guaranteeing that the trip will be subscribed to the capacity of
150 people. Assume the organization wished only to break even
on the venture.

a)  What price should they charge each person?
b) What price would enable the organization to realize its
profit goal of $10,000?

The management of a local civic center is negotiating a contract
with the rock and roll group The Windy City. The Windy City
commands a fee of $25,000 plus 37.5 percent of gate receipts.
Promoters expect to charge $8 per ticket for the performance.

a) Determine the number of tickets which must be sold in order
to break even.

b) If the promoters hope to clear a ‘profit of $20,000, how
many tickets must be sold?

Assume that promoters in Exercise 29 believe that the show will
be a sellout of 10,000 fanatics.

a)  What ticket price would allow them to break even?
b)  What ticket price would allow them to realize the profit goal
of $20,000?

A firm is developing a TV advertising campaign. Development
costs (fixed costs) are $100,000, and the firm must pay $10,000
per minute for television slots. The firm estimates that for each

_minute of advertising additional sales of $50,000 result. Of this

$50,000, $37,600 is absorbed to cover the variable costs of
producing the items and $10,000 must be used to pay for the
minute of advertising. Any remainder is the contribution to fixed
cost and profit.

a) How many minutes of advertising are necessary to recover
the development costs of the advertising campaign? |

b) If the firm uses this campaign for 60 one-minute slots,
determine total revenues, total costs (production and
advertising), and total profit (or loss) resulting from the
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32.

33.

campaign.

A car leasing agency purchases new cars each year for use in the
agency. The cars cost $5,000 new. They are used for two years,
after which they are sold for $1,800. The owner estimates that
the variable costs of operating the cars, exclusive of gasoline, are
$0.18 per mile. The cars are leased at a flat rate of $0.23 per mile.

a) What is the break-even mileage for the 2—year period?
b) What are total revenue, total cost, and total profit for the
2—year period if a car is leased for 50,000 miles?

In Exercise 32, it is expected that the average car will be leased for
50,000 miles during a 2--year period.

a) What rate per mile needs to be charged in order to break
even?

b) If the dealer wishes to earn a profit of $1,000 per car over its
2 -year lifetime, what rate must be charged per mile?
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CHAPTER 7

LIMITS AND CONTINUITY

7.1 Limits of Functions

In the calculas, there is often a concern about the limiting
value of a function as the independent variable approaches some
specific value. This limiting value, when it exists, is called a limit.

The notation used to express the limiting value of a function
is

lim f(x) = L
X->a

A key point with the limit concept is that we are not
interested in the behavior of the values of f(x) as X comes closer and
closer to a value of *a’.

There are different procedures for determining the limit of
a function. The temptation is simply to substitute the value x = a
into f(x) and determine f(a). This is actually a valid way of
determining the limit for many but not all functions.

One approach that can be used is to substitute values of the
independent variable into the function while observing the behavior
of f(x) as the value of x comes closer and closer to ‘a’. An important
point in this procedure is that the value of the function is observed as
the value of ‘a’ is approached from both sides of ‘a’.

Note:

lim f(x) ——> represents the limit of f(x) as x approaches
X2

‘a’ from the left. (left-hand limit) or from below.

lim f(x)———> represents the limit of f(x) as x approaches
X2
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‘a’ from the right (right-hand limit) or from above.

— If the value of the function approaches the same number L
as x approaches ‘a’ from either direction, then the limit
exists.

If im f(x) = Land lim+ fx) = L

X->a X->a

Then lim f(x) L

X->a

Example 1:

If y = f(x) = 2x, let us consider a specific value of x, say x = 3, and
ask whether the function approaches a limit as x approaches 3. Intuitively, if we
take x values closer and closer to 3, then we can get as closer as to a number
L =6,forf(3) = 2(3) =6

Values of Values of Values of Values of
x < 3 y = 2x x >3 y = 2x

1 2 5 10

2 4 4 8

2.5 5 3.5 7

2.9 5.8 3.1 6.2

2.99 5.98 3.01 6.02
2.999 5.998 3.001 6.002

The table sﬁggcsts that we can get as close as we like to 6 by
taking x values close enough to 3 on either side of 3 therefore, the
function given by f(x) = 2x has a limit of 6 as x approaches 3.
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Formal way of writing is

Lim 2x = 6
*3

i —~—— 3 x gets closer to 3 &
If the limiting values of f(x) are different when x approaches
from each direction, then the function does not approach a limit as
X approaches ‘a’.

Example 2:
Determine lim x3
x-2
Solution:
Values of Values3of Values of Values3of
x < 2 y = X x > 2 y = X
1 1 3 27
1.5 3.375 2.5 15.625
1.9 6.858 2.1 9.261
1.95 7.415 2.05 8.615
1.99 7.881 2.0 8.121
1.995 7.94 2.005 8.060
1.999 7.988 2.001 8.012
! .

The table indicates that as the value of x = 2 has been
approached from both the left and the right, f(x) is approaching the
same value of 8. ‘
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3 . . o 3
ime = = . JlimXx = 8
1g-x = ugex 1y
Y
3
251 f()‘)c)&
20l
The closer we get to a
15+
value of 2, the closer
i0p
t*-k- the value of f(x) comes
st 1/
it N to 8.
O i ) "

) 1 2 3 4 5
Note: that limit could have been determinded by simply substitution
x = 2 into f(x)

Example 3:
Determine %313 flx)
_ 2x where x < 4
where f(x) = { 2x + 3  where x > 4
Solution:
Values of x Values of Values of x Values of
X € 4 y = 2x X > 4 y = 2x + 3
3 6.0 5 13.0
3.5 7.0 4.5 12.0
3.8 7.6 4.3 1.6
3.9 7.8 4.1 11.2
3.95 7.9 4 .05 11.1
3.99 7.98 4.01 11.02

This function is defined in two parts. From this table,
as x approaches a value of 4 from the left, f(x) approaches a value
of 8 or

lim_ f(x) =8
X~»4
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As x approaches 4 from the right, f(x) approaches a value
of 11, or

lim f(x) = 11
+
%x~>4

Since lim_ £(x) # lim_£(x)
X~ 4 x-->4+

the function does not approach a limiting value as x— 4, and
lim f(x) does not exist.

x4 fr)
201-_________‘~___‘__
' 2% , %44
15} b fe -
! 2x¥3 , xXD>4
0>} )
5+ ' '
: ! 1 Pt 3
1 2345 b7 « 940 %

Note: the break in the function at x = 4 is the reason that the limit
does not exist.

Example 4:

. , 2
Determine }vg;rg x ~ 9
x -3
Solution:

Since the denominator equals Zero when x = 3, we can
consiude that the function is underfined at this point.

Values of values of vValues of Values of
x < 3 f{x) . X > 3 £ix) -
2 5.0 4 7.0
2.5 5.5 3.5 6.5
2.9 5.9 3.1 6.1
2.95 5.95 3.05 6.905
2.99 5.9¢ 3.01 6.01
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Lig  £(x) =6 and lig, f00 =6

L1 X2-9 =6
X5

Even though the function is undefined when x = 3, the
function approaches a value of 6 as the value of x comes closer to 3.

()
fe .
fio 253

<

7] SN
N

7.2 Properties of Limits:

1. If f(x) = C is a constant function, then lim f(x) = 1im(€) = C
X4 X-a
Ex: lig 10 = 10
== prope

2. If f(x) = xn, where n is a positive integer, then %_1’@ xrl = an

Ex: lig x2= 62= 36
- X3

3. If f(x) has a limit as x»a and C is real, then
lim C.f(x) = c.lim f{x)
X=a X»a

Ex:  lig B =3 lig = 3-03 = -4
o= X =

4., If f(x) and g{(x) have limits defined as x—p a

. B} + . + .
Lim [f(x) ha g(x)] = lim €00 T 1im g0

. 2 . 2 .
B Mg e 0 = g e g x
= 22+2
= 6
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5. If f(x) and g(x) have limits defined as x->a

%&g lf(x).g(x) ]

Ex: lig [(x+1)(x-3)]
LS

1t

,l(ﬂ f(x) }_1’@ g(x)

i

)l(_i&\(xﬂ ) .)l(_i&\(x-B)

(i =+ 1n ) (uig - 339 9)

(2 +1) (2 - 3)

it

-3

6. If f(x) and g(x) have limits defined as x-—a, then

)l(_%rg f(x) = )l(_l}rg f(x) (Provided )l(_%rg g({x) # 0)
gi{x) —_
lim g{x)
X~ba
. 3 . 3.
3_1 lim (x"- 1) lim x - Yim 1
Ex: lim % 5 = X2 = X2 x—;Z
X=32 X 1im x2 lim x
X—»2 X2
23 8 -1
22 4
. I
T4
7. If f(x) has a limit as x—a, and n is a positive integer,
then
lim "fFx) = Iim £(x)
X—»a X—pa
Ex:

a) lim t2+ 1 = lim (t + 1) = lim t2+ lim 1
t—>4 t—»4 t—>4
= V42+ 1 V17

im Wx? 3\, lim (x"+ 7) 3\' lim x4+ lim 7
x—»3 x—»3 X~»3

b) lim x "+ 1
= 3432+ 7 3\116

i
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EXERCISE: 7-1

In Problems 1-36, find the limits.

1.

3.

1L

13.

15.

17.

19.

21.

25.

27.

29.

31

33.

lim 16.

x—2

lim (x + 3).
x—4

lim (2 — 5).
17—5

lim (3 — 2x?).

x—03

lim (k2 — 5h — 6).
h—6

lim (x®—3x%—2x + 1).

x—s =1
lim 12
>3 tt 5°

h
im ————
h—~0h2—7h+1

limVp2+p+5.
p—d

4x — 1

lim
x+1

x—»=~2

(x+3)Vx —

,._.2 (x —4)(x + 1) )

2
. !
im

lim x4+ 2x +1
x——1 x+1
lim x2—3.
x=3 x*—9
x> —-9x +20
lim ~————.
x4 x2—3x—4
2x2+5x— 3
4x® — 2x
3x2-x-— 10
lim —————.
x>2 x2 4+ 5x— 14

1
x—1/2
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14.

16.

18.

22.

30.

32.

lim 2x.
x-+3

lim 2.

s—»1

lim (3t — 5).
—1/2

lim (x* — 4).

x——3

lim (x* —2x + 1),

x— =2

4r-—3

lim V2.

x— =1

lim 2t + 3
1—3 3r—35

. +3NE+T)
}l_.n; (=D +4

=1

lim .

11 t—1

.o xT=2x

lim

x>0

lim x? — 2x

x—2 X = 2

lim x24+2x—8
x— —4 x + 5x + 4.
x—0 X



2z _ 92 4 _ 4
3. tim GFA -2 3. lim =2
h—0 h x—a x2 aZ.
2 2
. . -+ - .
37. Find ,l,m:) gﬁ————{’—h)——x—- by treating x as a constant.

2 . 2 .
38. Find ,l,in}) 2x+ h) + 5(xh+ k) = 2x7 - 5x by freating x as a constant.

39. -If f(x) = x + 5, show that lim L(—x—i—’—'i)’—:i—(—{l = | by treating x as a constant.
h—0

40. 1If f(x) = x?, show that ’l.im !_(_x_il%;_f_(_xl = 2x by treating x as a constant.
-0

7.3 Function as x approaches 0

As mentioned before, if the limiting values of f(x) are
different when x approaches from each direction, then the function
does not approach a limit as x approaches ‘a’, limits like these are
called one-sided limits.

Ex: 1. Consider the graph. As x
approaches 0 from the right,
f(x) approaches 1.
lim f(x)=1
x—-)0+
On the other hand, as x
approaches 0 from the left.
f(x) approaches —1.

lim_f(x)=—1
=0

.. They are one-sided limils

Ex: 2. Consider f(x) =4x — 3 as x
approaches 3. Since f is defined
only when x > 3, we speak of 31 flx)= Jx=3
the limit as x approaches 3 from 27

the right 1+
..Iim+q/x~3=0 T } -t é;z
3
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Functions where limit does not exist.

a) Function as x approaches 0 or x approaches ‘a’ that make the
denominator of a fraction to be Zero.

1. Consider y = f(x) =l§ . As x approaches 0, both from the left and
X
from the right, f(x) increases without bound. Hence no hmlt

exists at 0, We say that as x—»0, f(x) becomes posxtwely
and symbolically we write. '

lim 1 = o y
x-0
x2
x f()()A
11
* 0514
+0.1]100
+ 0.01 | 10000
+0.001 | 100000 /g
-1

Note: The use of the‘equals’ sign in this situation does not mean
that the limit exists. On the contrary, the symbolism here
(e°) is a way of saying specifically that there is no limit and
it indicates why there is no limit.

2. Consider y = f(x) = 1 for x # 0
X

As x approaches 0 from the right l become positively infinite;

as x approaches 0 from the left, 1X become negatively infinite.
Symbolically we write, x

lim,] = o and lim ] = —oo

x-0Tx *x»07x
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Either one of these facts implies that

lim 1 does not exist " y
x>0 x
X fx)
Q.01 100
0.001 1000
0.0001 10000
~0.01] ~100 X
+0.001 | ~1000
Z0.0001 | - 1000

Ex: 1. Find Ilim 2 .
x—+—1* X + 1

Solution:

As x approaches -1 from the right, x + 1 approaches 0 but is
always positive. Since we are dividing 2 by positive numbers

approaching 0, the results, 2 , are positive numbers that are becoming
arbitrarily large. x+

—:w
X-—v—l"x"'l ’

and the limit does not exist.

Ex: 2. Find lim XY2
x-2 X* — 4

Solution:

As x—2 the numerator approaches 4 and denominator
approaches 0. Thus we are dividing numbers near 4 by numbers
near 0. The results are numbers that become arbitrarily large
in magnitude.|

lim x_2+_2_ does not exist.

x—=2 x*— 4

.oox+2 . x+2

lim = — e = lm ————
=2 x2—4 x=2(x+2(x-2) ll_.mzx—Z’
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Since m =00 and lim = -
xa2* X — 2 x2- X =2 o
x+2 . .
then lim 3 is neither o0 nor —oo.
x=2 x* —- 4
Ex: 3. lim—+—2
r—2 12 -4

Solution:

As t—2 both numerator and denominator approaches 0.
Thus we first simplify the fraction. :

Y 1—2 . 1 1

1 = = =

P N R N T T R W R &

b) Function as x approaches ©:

In a positive sense:
As x increases without bound through positive values, the
values of f(x) approaches 0.

. 1
lim — =0
X—00 X
x f{x) x f(x)
1,000 .001 -1,000 -.000
10,000 0001 -10,000 — 0001
100,000 00001 —100,000 - .00001
1,000,000 000001 -] —1,000,000 - .000001

In a negative sense, as x decreases without bound through
negative values, the values of f(x) also approaches 0.

lim l = (.
x—=>—00 X
Ex: 1. Find lm —4% _
X—»00 (X _ 5)3

Solution:
.As x becomes very large, so does (x — 5). Since the cube

of a large number is also large, (x — 5)?’ dividing 4 by very large
numbers results in numbers near 0.
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Thus hm ————4——5 = ()
X~ 00 (X —_ 5)

¢) Quotient of two polynomials where x-»°

2
I. Consider lim SX_*2x+3
x—=00 253 4 3x — ]

As x-%°, both numerator and denominator become infinite.
In such a case, divide both the numerator and denominator by the
largest power of x to change the form of the quotient.

8x2+2x +3
2 3
Then lim 8x"+2x+3 lim ——
x>0 2x3 4 3x — 1 x=00 9253 4 3x - 1
x>
_§+ 2 + 3
- & x  x? rx_:‘
anolo 24 3 1
2 %
0 - N
T — =O
2
2. Find lim 2X33
x—s00 3x + 2
Solution:
_2x+5
2x+ 5 . x
L Ty it R v
X
2+~i—
-xh—lvlzos 3
x
-2
‘g-
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x? - 5x

. Find im —/———X—
3 n x>—o0 x4 4 2x? + 1
Solution: x? — 5x
" x? - 5x - 1 x4
2T 34+ 20 + 1 oo x4 2x? 4+ 1
4
1_3
. x? X3
= x—l»“-l}co 2 1
L+ 5+
V]
= T = (),
2
4 Find lim 19X
X—> ~00
Solution:
. 10x? - &
tn, im0
= —o0!

and no limit exists.

‘How to find limits’ in Summary:
1. By substitution: lim f(x) = f(a)
X3a

It is used commonly with polynomial functions

. 2 2
Ex: x-}i? (3x7= 4x + 10) = 3(-2)°-4(-2)+10
124+8+10
= 30

2. When substitution fails and after substitution both the numerator
and denominator approach 0 as x»a, then use algebraic manupula-
tion on the original function to form a new function.
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i

1ip (4+4h+h?) — 4
h
2

’;i}ﬁ (4h+h™)

h
}._i,@ K(4+h)
n

et (4+h)
"= 4

Ex: a) Lig (2 RNT A
‘ h

i

il

il

. 2 .
b) lim x“-1 lim () (x=1)
x> =T X + 1 X’_TT

.

It

x—%-l—T (x-1)

= -2

3. When f(x) is in. the form of fractions and x»ce, After substitution
both numerator and denominator become Zero, then divide both
the numerator and denominator by the highest power of x. |

EXERCISE: 7 - 2a

1.. For the function f given in Fig.(a), find the following limits. If the’
limit does not exist, so state or use the symbol e© or —oo where

approapriate.
(2) xlinll_f (x), () xlilrli+f (x) © ,l:m] f()
(@ lim f(x), © x.l.hfz-f () ® . lililrf (),
£(x) flx)

J L/ N

T— + x —t
5 ] \ 112

{a) (b)
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® _lim_f(x), o)
linl : S(x).

() limzf (%),

X

G lim f(x), ()

lim f(x),

x—-1-

2. For the function f given in Fig.(b) above find the following
limits. If the limit does not exist, so state or use the symbol
o or —o° where appropriate.

@ lim S, ) lm S, © lim f(x),
@ lim_fx). ©  lim f(x) @ lim f(2).
® lim /(o) ® lim f(x).

In each of Problems 3-46, find the limit. If the limit does not exist,
so state or use the symbol e or —oo where approapriate.

3. lim (x —2). 4. lim (1 - x?.
x—3* x— =1
5. lim 5x. 6. lim 3.
X = ~00 X—» 00
7. lim & 8. lim —>— .
x—0" x4 x—0 X — 1
9, lim x? 10. lim (¢ — 1)%.
X—» —00 t—00
il. lim VA. 12. lim V5—h.
h—0* h—5"
13. lim . 4.  lim 2V/2
x5 X — 5 x—0~
15. lim @Vx —=1). 16. lim (xVxZ—4).
x—1* x—2*
, . 1
AL P B a sy
) +2 . 2x—4
19. lim 33 2. Jim 5%
2 _ 3
21, lim —X =1 2. lim .
x>~ x3 4+ 4x — 3 roeo 2 4|
2
23, fim 2 F2H1 4. lim —2
(w0 A+ x>-0 3x6 _ x + 4
— . 3 - J—
25, jim 24X 2% %. lim | 2XZX
x—eo §5x3 _ 8x + 1 x—e0 9 — x4 4 2x
27. x+3 8. lim 2%

x23- x2 -9
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2w? - 3w + 4 . 4-13x°

29, lim ——e—————. 30. lim
w—roo §y2 4 Ty — | x—e0 x3 o]
2 — 2 _‘
31, Lim X ¥%x-5 32, lhim Lt H-8
x—-5 x*45x =222 - 5142
2 __ —_ vl
33, lim 2 —3**1 M. lim XX
x> x4+ X1 2x+1
3 2
35, lim[l+ ] 16 lim Xt 241
x-+1* 1 Xt =00 Xj — 4
37. lim 2 7 38. lim (x + l)
x=0" x + Xx X 00 X
. - 1
39. lim x(x — 1)~ 40. 1
Jim xx = D) o2 1
4. lim (—3). 42, lim (~3).
x—0* x x>0 X
43. lim |x|. 4. lim |l .
x—0 x—0] %
2
4. tim >3 1 46. 1im[3— X ]
X—» —00 x x-+00 | X x2 -1

In Problems 47-50, sketch the graphs of the functions and find the
indicated limits. If the limit does not exist, so state or use the symbol
oo or —oo where appropriate.

a. j={3 1x<% @ lmfe ® Imfe. © lmfe)
@) fim f(x), ()  lim f(x).

@ jo={F XL @ jmj@ ® lmi@ @ nfe

@ Jim S @ Jim fx)

9 sm-{ 2 B2l @ lmaw ® lme@ @ lmse

@ Jimgt), (@ lim g,

2, ifx <0, ‘ i i ‘
0. 5= ErSh @ lmen © Jgeen O b

@ limg(x) @  lim g(x).
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51. If c is the total cost in dollars to produceiq units of a product,
then the average cost per unit T for an output of q units is given
by € = ¢/q. Thus, if the total cost equation is ¢ = 5000 + 6q,
then € = (5000/q) + 6. For example, the total cost of an output
of 5 units is $5030, and the average cost per unit at this level
of production is $1600. By finding lim &, show that the average

400

cost approaches a level of stability if the producer continually
increases output. What is the limiting value of the average cost?
Sketch the graph of the average cost function.

52, Repeat Problem 51 given that fixed cost is $12,000 and the
variable cost is given by the function ¢, = 7q.

53, The population N.of a certamn small city t years from now is
predicted to be
10,000

N = 20,000 + 5
(1+2)

Determine the population in the long run; that is, find Iim N.
t200

In Problems 54-57, find lim f(x +h) —f(x) by treating x as a constant.
| T
54. f(x)=2x +3. 55. f(x) =4 — x.

56. f(x)=x>+x+1. 57. f(x) = x? - 3.
(Calculator Problems) In Problems 58 and 59, evaluate the given

function when x = 1, .5, .2, .1, .01, .001, and .0001. From your

results draw a conclusion about lim f(x).
x-0

S8. f-(x) = x In x. ’ 59. f(x) = x*.

EXERCISE: 7-2b

For the following exercises, find the indicated limit.

1. Eg\o (4x® — x) 2. }l—rﬂx Bx—2x + 1)
2
s lim (5 -%+10) im =2
sl gt 4 lim 7%
2 _
5. limZ >

umaT 6. tlﬂ!lz x — 4)(x? + 3x)
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ol Udlrici 5 Liorary, Au

7. 1lim 3 — x¥(5x + 6) 8. lim](— 12)
0 x>
. . x2 - 36
9. {im 250 10, lim
r—0 5 X 6
x* -1 . 3xr+ ¢ ~ 10
im ——— 12. AL S
" ;lle x + 2 xh_r.r_lz x +2
13. lim 3 tx - 14 14, lim (x® — 2x)
r—2 x - 2 £
16. lim (x? — 2x + 1) 16. lim (1/x)
r——b £
17. lim 2x + 1 18. lim

I—>—o 2x o 2%+ 1

7.4 Continuity:

Often it is helpful to describe a situation by a contipous

function.
Consider the Demand Schedule Table
P
Demand Schedule
20 PRlCE/UNIT QUANTITY
(DOLLARS) PER WEEK
T P q
20 0
10 5
10 5 15
4 20
2 45
5 1 95
2.5
1 L 1 4 q
25 35 50 75 100

It indicates the number of units of a particular product
that consumers will demand per week at various prices. This informa-
tion can be given graphically by plotting each quantity-price pair as a
point as shown. This graph does not represent a continuous function.
Furthermore, it gives us no information as to the price at which, say,
35 units would be demanded. However, if we connectthe points by
a smooth curve, we get a so-called demand curve. From it we could
guess that at about $50.00 per unit, 35 units would be demanded.
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Frequently it is possible and useful to describe a graph by
means of an explicit equation that defines a continuous function f.
Such a function permits a convenient mathematical analysis of the
nature and basic properties of the problem.

In general, it will be our desire to view practical situations in
terms of continuous functions wherever possible so that we may be
better able to analyze their nature.

In an informal sense, a function is described as continuous
if it can be sketched without lifting your pen or pencil from the paper.
Most of the functions that we will examine in the calculus will be
continuous functions. A function which is not continuous is termed
discontinuous.

A more formal definition is as follows:

L. Definition: A function f is continuous at x = a if and only if the
following three conditions are set:

(1) f(x)is defined at x = a,

(2) lim f(x) exists, and
xa

(8) lim f(x) = f(a)

X=>a

Conversely, a function is discontionuous at x = a if and only if it is
not continuous at X = a.

Ex: 1. Show that f(x) = 5 is continuous at x = 7

Solution:

Verify the three conditions.

(i) f is defined at x = 7
. fx)
£(7)

] ]
nw»n



(11) 119 fix) exists
X
. . _ . I
%59 f(x) 119 5 5

(111) 119 fix) = £(7)
pr=y

%iﬁ f(x) = 5
and £f(7) = 5
Therefore f(x) = 5 is continuous at x = 7 Ans

Ex: 2. Show that g(x) = x2 _ 8 is continuous at x = —4

Solution:
Verify the three conditions.
(i) Function g is defined at x = -4
g(x) = x2_ 3
g(-4) = (-3
= 13
(1i1) x}fw g(x) exists ,
x&iw g(x) = §§T4 (x"- 3)
- 03
= 13
A . el n
(i11) x}zw gix) g(~4) asshown above
Therefore g{(x) = xz— 3 is continuous at x = -4

Ex: 3. Find any points of discontinulity for

f(x) = x4- 3x3+ 2x - 1

x2~ 4

Solution:

The denominator is Zero when x =+ 2

b
]
t+ b~ o
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Hence f is not defined at x = % 2 and is therefore discon-
tinuous at these points. Otherwise the function is ‘well-behaved’ Ans

Ex: 4.

function

2, if x < 3
x .

Solution:

Determine whether there are any discontinuities for the

00 _{x+6, if x » 3

With such a problem, the only point of discontinuity can

occuronly at x = 3

Y
as X—> 3t then, gi{x) = x + 6
12+
gf3) = 3 + 6
_ 9 (=Y SR
and as x—3 then, 61 =gl
1
gi(x) = x2 3+ '
g(3) = 32 + + H + + +—X
1 2 3 4 5 6
= 9

Thus the function is continuous at x =

3 as well as at all other x

Ans

Continuous?

NUMBER OF YEARS

REDEMPTION

+2,if x> 2
Ex: 5. Is this function f(x) = {X2 X
x“ , ifx<2
Solution:
Since f(x) is not defined at x = 2, it is discontinuous at this
point. Ans
Ex: 6. The table shows the re-

demptive values of ¢50x20 savings
bond for the first six successive
periods after the date of
Determine its continuity.

1ssue.
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(greater
than}

AFTER ISSUE DATE

(not more
than)

-
Ny T N

N
=

VALUE

$37.50x%20
38.10x20
39.02x20
39.90x20
40.80x20
41.76 x20j




Solution:

Since this is a step function it is clear then that f has discon-
tinuities when x = 1%, 1, 1%, 2 and 2%.

y
850}
[0 S
825
O
800 [o S—
775i o
7504~
[ o Sm——
725[—
T : | 11 L. i3 | 1%
1 1 1
3 1 13 2 23 3

Remark:

A function given by f(x) is defined at the point x = a,
if f(a) exists as a real number

Ex:1. f(x) =2x atx=3
flx) = 2(3)
=6

The function ig defined at the point x = 3

Ex: 2. f(x) =2% atz=0
x
2
f(0) = 2(0)
05—
= undefined

The function is undefined at x = 0

2. Continuity over an interval: This is an extension of the ‘continuity
at a point’. A function is continuous in an interval from x = b
to x = c if the function has no breaks or jumbs in the interval
as shown in the figures. ‘

209




fo
fo

m ._.._--_-.-___.
L R

ol SR
P N
[ ad SOOI

Example 1:

Determine whether there are any discontinuities for the function.
S

3

X - X

Plz) =

Solution:

This function is not defined when
3

X - X = 0
or x(x2-—1) = 0
or (x + 1)(x - 1) = 0

or when x = 0, x =-1, and x = +1.
Thus, the function is discontinuous at these three points.

fte)

1
fix) P

'
[
[
|
1
|
|
|
1
!
I
|
x=--11
t
|
1
i
i
¢
}
'
!
I
I
(
!
|

i
t
!
t
!
[
|
!
|
!
!
!
T
i
!
|
|
|
!
I
!
i
}
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Note:
1. A polynomial function is continuous at every point.

2. Discontinuities tend to arise at special points, and usually it is
sufficient to check the function’s behavior at these points.

Several examples of such points are:-

a) Where the denominator of some term in the equation becomes
zero.

b) At the end points of the function or of the separate intervals
for which different equations are used to deline the function.

EXERCISE: 7 - 3a

In the following exercises, determine whether there are
any discontinuities and, if so, where they occur.

1. f(x) = 3x% — 2x + 10 2. f(x)=1/x
3. f(x) = (2x + 6)(x — 5) 4, fix) ="
- X ) = —5
5. flx) = — 6. /() =
7. fx) = x| 8. glx) = |—x|
_ 5 _ __g:x -1
9 k) = e s 10.v0) =51
4 —x n S
11. glx) = 1_3;3_—_%77 12. h(x) = m

EXERCISE: 7 - 3b

In Problems 1-6, use the definition of continuity to show
that the given function is.continuous at the indicated point.

L f(x)=x*—5x,x=2, 2. f(x)=x9;3,x==—3.
3 g(x)=V2-3x,x=0. 4 f(x) =3, x =2

-4 ,
5. h(x) =g, x =4, 6 F(x)=Vx,x=—1
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In Problems 7-12, deterriine whether the function is
continuous at the given points,

+4 1.4x+4
7. f(x)=—j—i——__——i; -2,0. 8. f(x)=£—-—6———;2, -2,
x—3 3
9. X) = 3 3, -3, 10. h(x) = 12, =2,
8(x) g (x) =12

1. F(x)={x+%’ ifx > 2,

1 .

—, ifx+#0
;2,0 12. = ’ ;0 0, -1
x%, fx<2 f {x

0, ifx=0
In Problems 13-16, state why the functions are continuous
everywhere.

13, f(x) =2x* - 3. 1 fx) == ;L 2
15. f(x) =21 16, f(x) = x(1— x).

X2+ 4

In Problems 17-34, find all points of discontinujty.

17. f(x) =3x? - 3. 18. h(x) = x — 2.
3 x2+3x—-4
19. - -
f®) == 0. £ =5
an g =& 2. f(x)= > x>
- & 5 ) ’ {2x—1, if x < 3.
+6x+9 3
23 =2 2. -
f& x2+2x - 15 &x) 24+ x
25. h(x) = Ly 26. f(x)=2=
X" — X
27, p(x) = —= 28 *
. X} = . =
p eI f(x) 7
. 1
2. f(x)={ xe dx>2 0. f(x)=={}’ ifx 3,
xTh o Hx<d 5 ifx=3.
1 . 10x -3, ifx>1,
3 f(x)={x~3’ x4 32, f(x)={ i ix<
5-x, ifx<4 x+1 XS
‘ -3
3. f(x)={ -z x>0 U f=2232_7
. 3 x
4—-x, ifx<O
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35.

37.

38.

Suppose the long distance rate for a telephone call from Hazleton,
Pa. to Washington, D.C. is $1.85 for the first three minutes and
$0.30 for each additional minute or fraction thereof. If y = f(t)
is a function that indicates the total charge y for a call of t
minutes’ duration, sketch the graph of f for 0 <t < 6. "Use your
graph to determine the values of t at which discontinuities occur.

The greatest integer function, f(x) = [x], is defined to be the
greatest integer less than or equal to x, where x is any real number.
For example, [3] = 3, [1.999] =1, [%] = 0, and [—4.5] = --5.
Sketch the graph.of this function for ~3.5 < x < 8.5. Use your
sketch to determine the values of x at which discontinuities occur.

Sketch the graph of
—=100x + 600, if0 <x <5,
y=f(x)=1 -100x + 1100, . if 5 < x < 10,
—100x + 1600, if 10 < x < 15.

‘A function such as this might describe the inventory y of a com-

pany at time x.

Sketch the ‘post-office function’

15, f0<x<1,
= =28 iflaoxc?2 @
c = » 3
JOI=14 dt2ca<s,
etc.,

for 0 <x 6, Here ¢ is the cost‘(in cents) of sending a parcel
of weight x (ounces) in January 1980. Where do discontinuities
occur?
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CHAPTER 8

THE DERIVATIVE

What do we mean by differentiating a function?
The objective of this chapter is not only to convey an
understanding of what the so-called ‘derivative’ of a function is, but

also to teach techniques of finding derivatives by properly applying
rules.

8.1 The Derivative:

One of the main problems with which calculus deals is
finding the slope of the tangent line on a curve.

Consider the graph of the function y = f(x) in the figure
below. y

y="flx

Il 1 X

Here P(xq, yy) and Q(x9, y9) are two different points on
the curve. The line PQ passing through them is called a secant line. By
the slope formula, the slope of PQ is

m =)’2—)’1
e X=X

If Q moves along the curve and approaches P, the secant line
has a limiting position as shown in the figure.
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PQ
PQ’
Q "
PQ
POIII
PQ,
PQ
POy * o
PO P, Limiting position
R (tangent at P)
]
x

As Q approaches P from the right, the positions of the
secant lines are PQ’, PQ”, etc. As Q approaches P’ from the left, they
are PQ, PQQ, etc. In both cases, the same limiting position is
obtained. This common limiting position of the secant lines is called
the tangent line to the curve at P.

Definition:

The slope of a curve at a point P is the slope of the tangent
line at P.

Since the tangent is a limiting position of secant lines, the
slope of the tangent is the limiting value of the slopes of the secant
lines PQ as Q approaches P. The slope of the secant line PQ as shown

in the figure is
- J(xz) - fixy)

e X2 T X%
y
Oka&ﬂ&n
y=10 [/ xe) = T
\ (x4, f{xs))
N !
ﬁ X=X =h
i i X
X4 Xz




If the difference x9 — xy is h, then Xg = x1 + h
flx, + h) — f(x)) - fxy + h) — flx;) .

"o T T+ B - x h

As Q moves along the curve toward P, then xg ~—> X;.
This means that h is getting closer to zero. The limiting value of the
slopes of the secant line — which is the slope of the tangent line at

[x1, f(xq)]—1is the limit:

fxy + h) = f(xy) . (1)

h—0 h

Example 1:

" Find the slope of the curve y = f(x) = x2 at the point (1, 1)

Solution:

i JX £ 1) = ) y

h—»O : y=x2

at (1,1) = lim (L’t_’_’_)_;ﬂ_ ‘

h—0
Tangent line
) ; m=2
=ﬁml+2h+h—-l (1,1)

h—0 h

- km h(2 + k)
h—0 h

= lim (2 + k) =
ho0

Thus the tangent line to y = x2 at (1, 1) has a slope of 2. Ans

We can generalize the result in (1) to any point [x, f(x)] on
the curve by replacing x; by x. We thus'have the following definition,

which forms the basis of differential calculus.
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Definition:

If y = f(x) defines a function f, the limit

hZ'l;,?} flx+h)-f(x)

if it exists, is called the derivative of f
at x and is denoted f'(x), which is read "f
prime of x". The process of finding the
derivative is called differentiation.

Example 2:

If fix) = x2, find the derivative of f

Solution:
f(x) = lim J(x+b) - f(x)
h—0 h

- lim & h)? — x2
h—0 h

. x4+ 2xh+ b~ x?
= lim
h—0 h

= lim 2x + h) = 2x.
h->0

Other ways of denoting the derivative of y = f(x) at x

% (pronounced “dee y, dee x™),

dix [f(x)] (dee f(x), dee x),

¥’ (y prime),
D,y (dee x of y),

D, [ f(x)] (dee x of f(x)).
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Note:
1. In all cases, the derivative of a function f is also a function, f'.

2. %y is not a fraction, but is a symbol for a derivative. There is no
X

meaning attached to individual symbols such as dy and dx.

3. The derivative of y = f(x) at x is also referred as the derivative
with respect to x.

4. If the derivative of f can be evaluated at x = x;, the resulting
number is called the derivative of f at x;, denoted f’ (x;). In
this case we say that f is differentiable at x;.

f(x,) is the slope of the tangent to
y = f(x) at (x;, f(x)))-

5. In addition to the notation f’(x;), we can also write

gy; . ad Y.

6. The derivative must be evaluated at the point of tangency to
determine the slope of the tangent line.

Example 3:
If fix) = 2x% + 2x + 3, find f'(}).
We shall find the derivative f'(x) and then evaluate it at x = 1.

f’(x) = lim f(x + h’)‘ - f(x)

h—0

[2(x + )’ + 2(x + h) + 3] — (2x* + 2x + 3)

= lim
hl—>0 h
2 4+ Axh 2R+ 2x+2h+3—-2x*—-2x -3
= lim 7
h—0
2
- fim PP 2RTH 2R o ax 4 2k + 2).
h—0 h h—0
fi(x)=4x + 2.
Sy =41 +2=6. Ans
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Example 4:

a. Find the slope of the curvey = x2 at the point (3, 9). Then
find an equation of the tangent line at (3, 9).
From Example 2, y’ = 2x. Thus, y'(3) = 2(3) = 6. That is,
the tangent line to the curve y = x“ at (3, 9) has a slope of 6. A
point-slope form of the tangent lineis y - 9 = 6(x—3), from which
y = 6x-9. y

y=x?

{3,9)

y-9=6(x-3)

X

b. Find the slope of the curve y = 2x+3 at the point where
X = 6.
Letting y = f(x) = 2x + 3, we have
J(x + k) ~ f(x)
h

y' = lim
h—0

=1im[2(x+h)+3]_(2x+3)
h—0 h

—tim 2 = im2=2 -
a0 b p0

Since y’= 2, the slope when x = 6, or at any point, is 2.
Note that the curve is a straight line and thus has the same slope
at each point.
Example 5:
Find D, (Vx).
If {x) =Vx, then
D,(\/?c)=’llin:)f("+hz_f(")—— lim Y+ A Vx|

A0 h

As h—> 0, both the numerator and denominator approach
zero. This can be avoided by rationalizing the numerator.
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‘Vx+h—\/;=\/x+ —\/;_Vx+h+\/;= (x+h)-x
h h Vx+h +Vx h(Vx+h +Vx)
h _ 1 '
—h(\/x+h+\/§) Vx + h +Vx

1 A SR
D (VE) = lim e = e e T e

Note that the original function, ¥X, is defined for x > 0.
But the derivative, 1/(2 ¥X), is defined only when x > 0. From the
graph of y =4X, it is clear that when x = 0, the tangent is a vertical
line and hence does not have a slope.

y

y=Jx
l X
If a variable, say q, is a function of some variable, say p,

then we would speak of the derivative of q with respect to p and
could'write dq/dp.

Example 6:
Ifq=fp)= 7‘,; find dq/ dp.

= iim f(2% h) - f(p)

h—0
1
=um2(p+h) 2p p—(p+h)
h—0 h = 0 h[2p(p + h)]

~h -1 1

= lim = lim —.
o R2P(P + B)] ~ S0 2p(p + B) | 2p?

Note that when p = 0, neither the function nor its derivative exists.
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As a final note we point out that the derivative of y = f(x)

at x, namely f'(x), is nothing more than the limit. -

o S5 B~ Jx)

h—0 h

However, we can interpret f’ as a function that gives the
slope of the tangent line to the curve y = f(x) at the point (x, f(x)).
This interpretation is simply a geometric convenience that assists.
our understanding. The above limit may exist aside from any
geometric consideration at all. As you will see later, there are other
useful interpretations.

EXERCISE: 8 - 1

In Problems 1-16, use the definition of the derivative to find each of the following.

1 —dix[ ] if f(x) = x. 2. 71;"—[ fO) i fx) = 4x - L.
3, % if y=2x + 4 4 % if y=—3x
d d x
5. (-2 ‘ 6. 7&(4 - —2»).
100 i fin) =3 8. f(x) if f(x)=70L
9. D, (x*+ 4x — 8). o 10. Dy if y=2x2+5.
11. % if g=2p*4+5p—1. 12. D, (x*- x —3).
13. D,y ify=%. 14. %;5 if C=1742q-3¢%
15. f(x) if fix)=Vx+3. 6. g(x) i g(x)=——5-

17. Find the slope of the curve y = x* + 4 at the point (-2, 8).
18. Find the slope of the curve y = 2 — 3x? at the point (1, —1).
19. Find the slope of the curve y = 4x2 — 5 when x = 0.

20. Find the slope of the curve y =Vx when x = 1.

In Problems 21-26, find an equation of the tangent line to the curve at the given point.

2. y=x+4; (3, 7. 2. y=2x2-5; (=2 3).

23, y=3x24+3x—-4; (-1, -4 4. y=(x-D% (1.
-— 3 - p— 5 .

25. y—x+1, (2, 1)- 26. y—T_—3—;, (2, "1).
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8.2 Rules for Differentiation:

Differentiation of a function by direct use of the definition
of a derivative can be tedious. Rules for differentiation are used

instead.

Rule 1: If f(x) = c, where c is a constant, then f'(x) = 0. That is,
the derivative of a constant function is zero.

| 16 fx) = ¢, then f(x) = 0. ]

Examples:
a. If f(x) = 3, then f'(x) = O.
b. I g(x) =V5, then g'(x) =0.
“g'@)=0.
c. If s(z) = (1,938,623)*7*, then ds/dt = 0

Rule 2: If f(x) = x™, where n is any real number, then f’(x) = nx n-1

l If f(x) = x", then f(x) = nx"".J

Examples:
a. If f(x) = x% then f'(x) =2x*"! = 2x.

b. If g(w) = w4, then g'(w) = Jw®/9~! = 2w,

d d -
c. If F(x) = x = x!, then .E[F(X)] =—(x) = Ixt~'=1x=1

d. Suppose y = xVx .
To find D, yi, put y = x>/2

D,y =3x0/m-1 =351

—3Vx.
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1
e. Suppose h(x) = ——.
ppose h(x) = —375

1 -
D, (;/—2) =D, (x7*?)
= —.3_ (—3/2)—1
5 X

—5/2.

= —xx

Rule 3: If ¢(x) = ¢ f(x) and f (x) exists, then g (x) = ¢ f (x)

[ 11 g(x) = ¢ ), then g(x) = e ). |

Examples:

Find the derivative of each of the following functions.

a) g(x) = Sx3
g'(x) = 5(3x°71) = 15x°
b) g(p) = 2> p
\ ] -1y _ 13
g'(p) = 5 (1.p ) = 3
0.702
c)y = 5
X X
.3
= 0.702x %
5 -5 .1
Dy = 0.702 |- x3
= - 1.755%%
Rule 4:

If F(x) = f(x) £ g(x) and f’(x) and g’(x) exist, then
F(x) = F'(x) + g'(x)-

That is, the derivative of a sum or difference of two functions
is the sum of difference of the derivatives of the functions.

If F(x) = f(x) ¥ g(x), then
Fi(x) = f'(x) * g'(z)
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Examples:

Differentiate each of the following functions.

a) Flx) = 3x0+ x*
Fi(x) = 15x7+ % x_%
4 1
= 15x + V% Ans
b) f£lx) = xo- Na?
= x5—)<%
f'i{x) = 5x - = x-%
3 3
4
o) £z - £ .3,
27
4
1
= JZ__Szz
_4
4 = Y oagd o _1z 3
52[}‘(23] 7 4 )" 5 (- 3
_ z3+ 25 3 Ans
3 —
d) y = 6x3— 2x2+ Ix - 8
DY = D (6x3) =D (2x°) +.D (Ix) - D_(8)
X X X X x

= 6D (x) - 2D (x%) + 7D_(x) - D_(8)
X X X X
= 6(3x%) - 2(2x) + 7(1) - 0
= 18x2- 4x + 7 Ans
e¢) Find the derivative of

2x(x2— 5x + 2) when x = 2

f(x) =
f(x) = 2x3— 10x2+ 4x
frix) = 6x2— 20x + 4
£1(2) = 6(2)%- 20(2) + 4
= 24 - 40 + 4
= =12 Ans
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f) Find an

y =

dy

dx| x=1

At X =

1,

equation of the tangentvline to the curve

2
x -2 when x = 1

2

3x _ g
X X
3x - 2%
3 - 2(= 1x7%)
3 + 2x—'2
2
3 +-—7
X
3+ 2 5
(1)
5 = the slope(m)
31)2- 2
y s ————— =]

1

Hence the point (1, 1) lies on both the curve and the tangent
line. An equation of the tangent line is

Yy -y,
y -1
y

= m(x - x1)
= 5(){—1)

= 5x -4 Ans

Rule 5: (Product Rule)

Let F(x)|=

F/(x)

That is,

f(x). g(x). If f'(x) and g'(x) exist, then
f(x). g’

(x). g(x) + g(x) f'(x)

the derivative of the product of two functions is

the first finction times the derivative of the second, plus the second
function times the derivative of the first.

If F(x) = flx). g(x), then
F'(x) = f(x). g'(x) + g(x).f'(x)
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Examples:

a)

b)

c)

If F{x)

Fr(x)

= (x2+ 3x){4x + 5), find F'({x)
(x2+ 3x) Dx(4x +5) + (4x +5) p (x2+ 3x)
X

il

(x+ 3x) (4) + (4x + 5)(2x + 3)
= 12x2+ 34x + 15 Ans

fl

Find the slope of the graph of F(x) = (7x3- 5% + 2)(2x4+ x + 7)
When x = 1

Frx)

If y

]

3
= (7x - 5x + 2) Dx(2x4+ X+ 7 + (2x4+.x + 7 Dx(7x3- 5x + 2)

2
= (7x3- 5% + 2)(8x3+ 1) + (2x4+ x + 7)(21x"- 5)

= (7 -5 +2)(8 +1) + (2 +1 + 7)(21 - 5)

= (4)(9) + (10)(16)
= 196 Ans

2 A
(x3 + 3)(x? + 5x), find D,y

1 -2 _1 1
(x3 + 3) Dx(x3 + 5x) + (x 3 + 5x) Dx(x‘ + 3)

2 1 -5
(x3 + 3)(- = x 3

-1 2 .3
3 —_—
3 +5) + (x % + Sx)(3 x 3)

wir
Gire

25x%x 1%~ -y
227 = - 3
3 + 3 X + 15 Ans

(x + 2)(x + 3)(x + 4), find y°'
[{x + 2)(x + 3)] (x + 4)
[x + 2)(x + 3)] D (x +4) + (x+4) Dx[(x-fz)(x + 3)]

[(x + 2)(x + 3)) (1) + (x + 4) Dx[(x + 2)(0x + 3)])

(x2+ 5k +6) + (x +4) [(x+2) Dx(x +3) + (x+3) Dx(x +2)]
(%4 5% + 6) + (x + H)L(x + 2)(1) + (x + 3)(1)]

(x%+ 5x + 6) + (x + 4)(2x + 5)

x2+ 5% + 6 + 2x2+ 13x + 20

3x2+ 18x + 26 Ans
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Note: Usually we do not use the product rule when simpler ways
are obvious. For example, if f(x) = 2x(x + 3)

oo f(x) = 2x2 + 6x
f(x)= 4x+6

Similarly, we do not use the product rule to differentiate
y= 4(x2 — 3). Since the 4 is a constant multiplier.

Rule 6: (Quotient Rule)

Let F(x) = f(x) such that g(x) = 0. If f’(x) and g’(x) exist,

Then 8(x)
.F’(X) — g(X)f (x) - f(x)g (X)
[g(x)])
Examples:
a I A = 2EE 3
Fx) = @2x — I)DM—— 2x +3) - (4); -2x+3)D,(2x - 1)

(2x - 1)(8x — 2) — (4x? ~ 2x + 3)(2)
@2x - 1)?
_8x?—8x -4 42x*-2x - .
(2x -1y @x - 1) .. Ans

1
b. If y =;,ﬁndy'-

_ () D,(1) ~ (1) DY)

(x?)?
_ x}0) — 1(2x)
B x4 .
- T2x_ 2 Ans
4 3°

X
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c. Find an equation of the tangent line to the curve

(x+ D(x2+2x +5)

y = i at (0, 5).
, (A =X)DJ(x+ D+ 2x + 5)] = [(x + 1)(x? + 2x + 5)] D(1 - x)
y = - .
(1-x)
y = A=-)[(x+DRx+2)+ (x*+2x + SYD] - [(x + D(x* + 2x + N
: i a- x)z

The slope of the curve at (0, 5) is
y'@) =12
An equation of the tangent line is

y=5=12(x-0),
‘ y=12x+ 5.

>
&

|

EXERCISE: 8 - 2

In Problems 1-50, differentiate the functions.

f(x)=0Gx — )(Tx + 2).
S Q(x) = (5 — 2x)(x% + 1).

C(I) = @2I* - 3)(31* - 41 + 1).

Y =2 - 3x +4x¥)(1 + 2x — 3x?).

1. f(x) = (4x + )(6x + 3).

3. s()=(8 -T2 -2).

5. f(N=0@rr-4@*=5r+1).
7

9

L O

. y=(x2+3x—2)(2x2—x—3).
- S =@W + 2w =)W +2). 10, f(x)=(x - x})(3 - x - X}
1. g(x) =3(x* — 2x? + 5x — 4)(x* — 2x* + Ix + 1).
12. y=—3@x*-3x+ 1)(3x3‘; 6x2 + B 4).
1B, y=(?-DBx*—6x+5) — (x + 2x + 1),

14, h(x) = 4(x> — 3)(2x> + 4) + 38x* - 5)(3x + 2).

15. f(p)=3(Vp — 4)dp - 5). 16. g(x)=(Vx - 3x + Y(Vx — 2Vx).
17. y = (2x*% - 3)(x'? - 7x). 18. y=(x— I)(x — 2)(x — 3).

19. y =@2x - D3x + 4)(x + 7). 20. y=xf3.

21.y=7~§. 22.y=%.
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25. y

27.

29, y

31

33.

3s.

37. »

39.

41.

43.

45.

47. y

49.

X

fx) =

x -1

x+2

T x -1

5 -2z
-4
_8x—2x+1

x% - 5x

h(z) =

x2—4x+3

YT — x4+ 2

)=

05— 8

u(v) =

=3x2—x—l
Vx
4 2x
y=T-3=g*
G+ -4
;r‘i(s)—-————————“__5 .
- X5
YE G+ ) (x -4y

2+ 3¢
2 _ 3 N
(t e+ 7)

=-)x=-2)
(x=3)(x-4
2 3
x x-1
x—2

s(1) =

y =3x -

3x+1°

.32,

50.

_x -2
Y 2+ 1
x=-1 _4
2x x°
@x—1)Bx+2)
Y= 4 — 5x )
- 4-5x
VS ax = D0x+ 2

,=@x= 3)(x? — 4x + 1)_'

g(x) =13x? +

3Ix*+ 1
17
T = G 05+ 4
- 27+3
=7 — 2, X To
y=1-l0x2 + —2 2=

51. Find the slope of the curve y = (4x? + 2x — S)(x* + 7x + 4) at (-1, 12).
3

§2, Find the slope of the curve y = ‘x+ " at (1, ).
x

In Problems 53-56, find an equation of the tangent line to the curve at the given point

583. y=6/(x—-1; @3, 3).
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55. y = (2x + 3)[2(x* — 5x7 + Q) (0, 24).
x+1 3
5. y=————; (2, %)
’ x}(x — 4) ( s

Rule 7: (Chain Rule)

If y = f(u) is a differentiable function of u and u is a
differentiable function of x, then y is a differentiable function of x
nd

dy _dy du
dr ~ du * dr
Examples:
2 y i
a) If y = 2u -3u-2 and u = ><2 +x, find hed
odx
dy _dy ~du
dx = du ~ dx
d 2

S A O S S SV

du dx
= (du=3)(2x+1)

But u = x2+x. Replace u by ><Z +X
. 2
o e ax +x)—3](2x+1)

= (4x2+4x—3) (2x41)

= 8x3+12x202x—3 Ans

d
b) If y =Ji and u = 7—x3, find :i%

dy - _dy du
dx T du” dx
d d 3
alT () . a-;(?—)x )
Po-d 2
-1(’2U ) (-3x7)

- s Ans
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0 205 ; ’
c) 1f y = u] and u = 8-t +tJ, find g%
dy _dy du
At du T adt
d 10 d 2 5
= E(u ) . Ir (B-t7+t7)
= o’y L 2ueset)
= 1008’ ey 7 (c2ta5e?) Ans
. 3 2 , 4 .. . dy ~
d) If y = 4u"+10u -3u-7 and u = o5 find Ix when x=1

dy dy du

dx © au ° dx

d 3 2 d 4
o (4u” +10u"-3u-7) . ax (§§?§)

i

(120%420u=3) [ (3x-5) (0)-4(3) ]

f

(3x—5)2
= (12u2+20u~3) _(=12)
(3x-—5)2
4 o
When x=1, then u = m = -2, Thus,
. 1y
%% - = [12(~2)2+20(—2)-3) . ~———l:~—§
= [13(1)-5)
= 5.(-3) = -15 Ans

e) If y = )qﬁx -7x, find y'

Y 5
Let u = 8x2—7x. Then y = "YU = u¥

9y _dy du.
Y7 8x T dx © ax
d t4d 2
P S I _
du‘(u ). X (8x" -7x)
= (1_\3'%).(16x-7)
5
I 2 -3 .
=g (8x =7x) (16x-7) Ans
1
£) If y = ———, find y*
4
(x*-2)
Let u = x2—2, Then y = Thus

r
7
u
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_ -4u

= 8 (2x)
u -

. =Bx . -8x
u’ (XZQQQS

Rule 8: (Power Rule)

If y = u", where n is any real number and u is differentiable

function; of x, then

+

>
3
t

d -
a%:nunl% or

55 ([u(m)}n)

Examples:
a) If y = (x3—1)7, find y°*
ul{x) = x3—1
n-1
y' = nlu(x)] .outx)
3 7-1 d 3
= T(x"-1) © 9w (x"-1)

- 6008 Gxd)

= 21x2(x5—1)b

a
b) If y = JixZian-1 , fina 3L

Ans

when x = -2

dx
2 : 2
y = (dx"+3Ix=-1)°/ u(x) = 4x " +3x-1
dy 1,2 - 4 L2
Ix - 7z (4% +3x-1) . an (Ax 43x-1)
P i -
E % (4x2+3x—l) 2 (8x+3)
. Bxed
23 4% +3x-1
i BT E BT
dx | x=-2 = i A 5
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ot. Gaorietr s Lisrary, Au

o~

) If 8 =<2.s~05 b fina 92
- db
s +1

First use the power rule

-y 31
dz 2545 d ‘,
o = 4 —n . b 25+5
ds 2 ds f=~=—
s +1 2
s +1

Then, use the quotient rule

X 3
d4 25+¢5 2
: = 4224 (s"41)(2) - (2545)(28)
ds S 2 .2 '
s (s7+1)
Simplifying, we have
-, 3 2
dz B (28+5) (-2 ~108+2)
ds - 2 ; 2.2
¢ (s —H)3 (s+1)
= - Ans
ad) Iy = (xz—4)b(3x+-5)4, find y!'
Since y 1s a product, we f{rst apply the product rule.
2 5 | 2 b
yooe (x7-d) b (%xeb)Lo»(.ix»—S)qr) (x"q)”
N X

Now we can use the power rule.
-

)

{

2 ; s
Yoo =T H O (0 ] w G M8 (21 (23) )

Simplifying, we have
2 C 4. 7
Yo 120747 (x5 21 0x (3xa 5 (kD) ?
2 q . 3.
= 2{x ~4) (3x+45) [h(x/~4)-»5x('ix+5)i

2 4 3 2 .
= 20T =4)  (3x5) T (21 %7 $25%~24) Ans

EXERCISE: 8- 3

In Problems 1-8, use the chain rule.
L Ify =u? - 2uand u = x? — x, find dv/dx.
2. Uy=2u—-8uandu="Tx - x* find dv/dx.

3. Ify= . and w = 2 — x, find & /dx.

W

4. Iy = Vz and z x® - x? 41, find dv/dx.

I

[y 153 9
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t+ 1

fz=u'+Vu +9and u=2s>~ 1, {ind dz/ds when s = — 1.

Iy =3w2—8w+4andw=3x>+ 1, find dy/dx when x = 0.

Iy =3u® — u? + Tu — 2andu = 3x — 2, find dy /dx when x = 1.

10.
12.

14.

16.

18.

20.

22.

32.

40.

42.

Y
y

y

y

y

y

= (4 — 3x)%.
= (x? — 8x)%.

_ (- +q"
g

=@ -5

S

2 - x2+ x)*
= 28x — 2)*3.

RS

_yf8x?-3
x2+2

y = (8x* = D’Qx? + )&

2t -5

y =

(1P +4)
y=VG-hx+2.
y = 3/8x — 7

5x24+ 6

y=6+3x = 4x(7x + )%
y =4Gp — 8)3p? - 2p + IYI"

y

@ =By — 1)

5. Hw=1w?andu= =1 find dw/dt when ¢ = 3.
6.
7.
8.
In Problems 9-44, find y.
9, y=(Tx + 4~
1. y =3 - 2pH"
3 i0
B, o 008D
3
15. y = (42— 10r + 3)7'%,
17. » =--Z-~—7.
(x*—x2+2)
19. y = 15(42% — z? + 2)}/%,
21, y=V2x? —x+3.
5 .
23, y =\/(x2 + D).
x — 7\
5y =(554)"
3 _ 5
5¢% + 1
/x -2
3Ly =(x2+2x - 1)*5x + 7).
33, y = [(4x + 3)6x* + x + ).
Q2w + 3)’
35, y=r—r—r—m.
Y w? + 4
37 y=m6(5xT+2)Vxt+ 5.
39. y = (4 — 3x3)*2 - 3x)%
t — 1 8r — 7\2
41. y = 8¢ + ”——‘;'4 - (——4—*) .
)
43. y = (S_X_:_l_lj,
Bx—1)
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In Problems 45 and 46, use the quotient rule and power
rule of find y! Do not simplify your answer.

Va2 a1
9x — 3 :

45.

y=(2x+l)(3x—*5)2' 46, y =
=* =7

47. Ify = Su + 6)* and u = (x* + 1)*, find @y /dx when x = 0.

48, Ifz=2y?—~4dy + 5,y =6x — 5, and x = 21, find dz/dt when ¢ = |,

49. Find the slope of the curve y = (x? — 7x — 8) at the point (8, 0).

50. Find the slope of the curve y = Vx + 1 at the point (8, 3).

In Problems 51-54, find an equation of the tangent line to
the curve at the given point.

5Ly =\(x* =87 G 1) 52 y=(@x+3)% (=2 1)

53, y=Y1X+2. 3 5. y=— "2 (0, -3).
y x + 1 2 (3x2 + 1)3

In Problems 55 and 56, determine the percentage rate of
change of y with respect to x for the given value of x.

x = —3.

55. y=(x2+ 97 x=4. 56. y=—~————] =
(2 +1)

Rule 9: (Logarithmic functions)

The derivative of the logarithm of a function to the base
‘a’ is one over (the reciprocal of) the original function multiplied by
the derivative of the function, all multiplied by the logarithm of ‘e’
to the base ‘a’.

a (x)
Iz [logag(x)] = %(—x_)— log e

Examples :

Differentiate each of the following:

a),y = f(x) =1n x
d(x) 1 :
’ dx - 199.°
y = %
1
= = Ans
X 222
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y = x In x

Since y is a product, we first apply the product rule

. d . da (x)
y' = X dx(Ln x) + lln x] . ax
1
= x. — log e + 1In x
X e
= 1 + 1n x Ans
y = 1 (21
dy 2x . log e
ax - 2 ¢
x +1
o 2x Ans
2
X741

y = x2. In(4x + 2)

Dy = x2D In(4x + 2) + {1ln(4x + 2)]. D (x2)
x x x

2 ;
.= . log e + [In(dx + 2)1(2x)
24x+2 e

4x
=Tt 2x.1n(4dx 4 2) Ans

y = 1ln (In x)

d(1ln x)

ax
1 = e—
y' = . ]ogee

= —— ‘ Ans

y = 1ln(2x + 5)3
Use the properties of logarithms to simplify the right side

y = 3 1In(2x + 5)

dy 2
dax 3(2x+5> . logee

6
2x+5 Ans
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g) f(p) = Inl(p + 1)2(p + 2)3(p + 3)4]
Simplify the right side
£(p) = 1n (p + D%+ Inp + 2)°+ 1n(p + 1?
flp) =2 In(p + 1) + 3 1ln(p + 2) + 4 1In(p + 3)

1 1 1
fr(p)= 2 (——~) . —_— . —_— . ,
(p Pye] logee + 3('p+2 ) logee + 4 <p+3)v logee

p+1 M p+2 p+3 ) Ans

h) f(w) =

Again, using properties of logarithms will simplify the work.

1 w2 K
f(w) = In| XY
2
w -1
1 1+ w2 1 2 2
= = 1In| ———] = = [In(1 + W) — In(w = 1)]
2 2 2
w -1
1 (2w 2w
friw)= 7 5 logee -3 logee
1+w w -1
_ 1 -2w ZW_]~ l'ij— 2W - 2W - ij
2 1+w2 wz—LJ 2 w4~ 1
= - ~—J§i— Ans
4 ans
w -1
i) f(w) = 1n3[(2x + 1)4]
4.3 3
f(w) = [ln(2x + 1) ]7 = (4 1In(2x + 1)]

By the power rule,

£r(w)= 304 In(2x + 1)]° D [4 1n(2x + 1))

. 2, 2
304 1n(2x + 1) ] Lﬁ 2x+1~loge%]

H

= 3.42[1n(2x + 1)]2 2
2x+1
- 384 [1n(2x + 1)]2
2x+1
= 384 . ln2(2x + 1) Ans
2x+1 —_
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EXERCISE: 8 - 4

b

11.
13.
15.
17.
19.

21.

25,

27.

29.

31
33.

v 2 ow»ow

In Problems 1-34, differentiate the functions.

y=In(Gx —4).

y = Inx2

y=In( -~ x?).

f(p) =1 (2p* + 3p).

y = In (ax).
y=In(x?+ 4x + 5).
f()=tlnt

»y =log; (2x — 1).
y=xI+in 2x+ 1)
y=[(x*+ 2%x*+ x — 1))
f(hy = ln(;—};)

y=mV1+x2.

y=In[(x + 1 + (x + 2)* + x%).

s
y=h1/—2% .
1 - x
In z
f(z)—7,
y=xlhVx-—-1.
y=V4+Inx.
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2.
4.
6.
8.
10.
12.
14.
16.
18,
20.

32.

y =In (5x — 6).

y = In (ax? + b). ‘

y = In (—=x? + 6x).

S =l @r* =37+ 2r+1).

y =102 2x + 3).
y = 1o x'%,
y=x*lnx.

f(w) = log (w? + w).
y = (ax + b) In (ax).
y = In[(5x + 2*8x ~ 3)%.

- (Z{_t}_)
Y 3x — 4
s2 )
s) =In
y=Ilnx*+In*x
x4 -1
=hy/2—2
? x4 41
_xz—l
Y In x

y=Inx*V3x —2).
y=ln{x+ Vi+x?):



Rule 10: (Exponential Functions)

The derivative of a constant to a variable power is the
product of the original expression, multiplied by the natural logarithm
of the constant, multiplied by the derivative of the power

‘ %5 [ag(:r)] = ag(x).(ln a) lg'(x)]

Examples:
3
a) Find % (e" *3")
dax
3 3
SL‘{eX +3x) _ ex +3x:(1n e) D (x3+3x)
dx X
x3+3x 2
= e (1) (3x7+3)
3
= 3(x2+1)(ex +3x) Ans
X N )
by Ify = el find y

e

First use the quotient rule.

dy e® D (x) - xD (ex)
== = X X
dx 5
e
~ () - x.e<.1n e(1)
B 2%
x x° X
_ e -xe _ e (1-x).
B 2x - 2%
e e
. 1=x
ex Ans

o) If F(w) = wi. 2%, find £'(w)

First, use the product rule

friw) = w4Dw(e2w) + e2w

D (w4)
w
-, [ezw(z)] + 2% 4w

= 2e2w.w4+4e2ww3

= 2e2ww3(w+2) Ans
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d) Find D
x

X+
[e

1

ln(x2 + 1)1

By the product rule,

Dx {ex+1. ln(x2 + 1)1 = ex+1' Dx {ln(x2+ 131 + ln(x2+ 1) D .ex+1
X
= ex+1. 2x . lne +ln(x2+1).ex+1(ln e)(1)
x +1
1 2
=™ L. X iIn e + 1n(x2+1).ex+1(1n e) (1)
X +1
= ex+1. 2x + 1n(x2+ 1). ex+1
x +1
= ex+1 —;5— + ln(x2+ 1) “Ans
X +1
2 X .
e) If y=e"+e+ 1ln3, find y*
(Note: ezand ln 3 are constants)
Ly =0 + e®(1n e)(1) + 0
- & Ans
£) Find % if y = 42% 5%
3
y = 42x +5x
d 2x3+5x d 3
& 4 (In 4) =——(2x"+ 5x)
dx dx
3 .
= 42X X (10 4) (6x%45)
3
= (1n 4)(6x2+ 5) 42x +5x Ans
@ If y=x"% 100%, fina Dy
Dy = 100x>%+ 100%(1n 100) (1)
= 100x>%+ 100% 1n 100 Ans

Note: This function involves a variable to a constant power and
a constant raised to a variable power.
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EXERCISE: 8 - 5

In Problems 1-30, differentiate the functions.

1. y = 6,Jrz‘rl. 2. y = €2X2+5.
3. y=é7% 4. f(gy=eTr8 1
5. f(r) = ¥ tir+s, 6. y= X H5X-6
7. y = xe™. 8 y=x%k™
9. y=x%". 10, y = xe**.
1. y = f.lzi_. 12 y= _e._:2_’;_
13, y=4* 4.y =43+,
2w
15 f(w) ==, 16. y = 2%2
w
17. y=e'*Vx, 18. y= e Vx,
19. y = x? -3~ 20, y = (e + 1)L
. ex -1 - pl/2
21 e 2. f(2)=¢€'"
23, y=¢e". 4. y=e(x+ 1)
25. y = elnx. 26. y= eln(x2+1)'
27, y=e*"x 28. y=¢*Inx
29, y = (log 2)~. 30. y=1Ine*t,

31. Find an equation of the tangent line to the graph of y = ¢* when x = 2.

32. Find the slope of the tangent line to the graph of y = 2¢ ™% when x = 0.
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Differentiation Formulas

d .

:l;(c) = 0, where cis any constant.

i( " = nx""", wh i | numbe
X7 = nx""", where nis any real number.
d ’

—(K[cf(x)] = cf’(x).

Lf(x) + g (2] = F1x) + 9’1

axlfix g {x X g’(x).

10— g 1] = F1) ~ g'lx.

= 1#00 g0l = £ (xdg"X) + g (¥ (0.

d { F(x) } _ 9f(x) — F(xg'(x)

dxlold g ()’

dy dy dv ’ ) . .
Y_ba .
dx dv dx’ where y is a function of v ond v is a function of x.
d, .o du

=

d 1 dv
a('ogb v) = ;(109:, e -

gl
dx' " v dx’
d, . _ du
g;(q)—a(lna)dx.
9y o o
dx ‘€ dx

8.3 Implicit Differentiation:

Until now we have always had y given explicitly (directly)
in terms of x before determining y’; that is in the form y = f(x).
Now consider the equation x2 + ye =4
If we have to find y in terms of x, then

2 2
vo o=

or y = 4 - X



Given a value of x, two values of y can be obtained. In fact, depending
on the equation given, it may be very complicated or even impossible
to find an explicit expression for y. For example, it would be difficult
to solve y e¥* + In(x +y) = 0 fory. Now consider a method to avoid
such difficulties.

An equation of the form f(x, y) = 0, is said to express y

implicitly as a function of x. The word ‘implicitly’ is used since y

is not given explicitly as a function of x. However, it is assumed or

implied that the equation defined y as at least one differentiable

function of x. Thus, for example, x2 + y2 — 4 = 0 defines at least

one function of x, say y = f(x). Hence to find %y we treat y as a
X

function of x and differentiate both sides of the equation with respect
to x.

a 2 2 d

3% (x"+y™-4) = I (0)
2 2

a(x™) dly?) 4 d

& tax - x(4) = ax (0)
2

a(x”) d(4) d(0)

T = goad g = O

But d( 2) is not 2y because we are differentiating with respect

X . . . . .
to x, not y. That is, y is not the independent variable. Since

y is assumed to be a function. of x, the y2 — term has the
form u™, where y plays the role of u. Just as the power rule
says that 4 (,2) _ ,, Qu ave 9 (v2) = 20 Y _ oo

y dx(u)_Zudx,wehavedx(y)~2ydx—2yy

Hence the above equation becomes

2% + Zyy; = 0
2yy' = =2x

y' = .:2_5 = i

2y Y

This method of finding dy is called implicit differentiation.

Notice that the expression for y'inxvolves the variable y as well-as x.
This means that to find y involves the variable y as well as x. This
means that to find 'y'at a point, both coordinates of the point must
be substitued into y!
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Example 1:

'
For each of the following, find y by implicit differentiation
o) y+y3=x

Solution:

Treat y as a function of x and differentiate both sides
with respect to x.

a4, a6 | aw
ax ' ax T dx
2 i
y' +3yy't = 1
y' (1 + 3y2) = 1
yt = ! Ans
B 3y2

byx3+axy?—y¥—27 = 0
Solution:

Assume that y is a function of x and differentiate both
sides with respect to x.

a M, ,a 6vh) d h aen _

dx dx dx dx 0
y 2 3
3x2 + 4{x2y y') + y (1)) - 4y’y' -0 = 0
3xl+ 8xy y'+ 4y2 - 4y3y' = 0
3 2 2
8xy y* - 4y'y’ = -3x"- 4y
y'{(8xy - 4y3) = 13x2- 4y2
7 . —3x2— 4y2
y = T3
8xy -~ 4y
2 2
or - 3x3+ 4y Ans
4y~ -~ 8xy

Example 2:

For each of the following, find y'by implicit differentiation.
a)&Y =x+y
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Solution:

a () a (x) d (y)
< - o + =
ax dx dx
xyld (xy)] = 1 +y'
XY
dx
exy[x.y‘ +y(1)] = 1 +y
x.exy.y' + yexy = 1 +y'
x
x.exy.y' -y = 1 - ye 4
x
v - 1_;;35121 Ans
x.exy— 1
3 2,2
bjx" = (y—x%)
Solution:
a6 dly - D
dx T dx
3x2 = 2(y - x2)(y' - 2x)
3x2 = 2(yy' - 2xy =~ xzy' + 2x3)
2 3 2
3Xx '+ 4xy - 4x° = 2y'(y - x)
' 2 3
3x + 4 - 4
y* o X P AXy - X

2(y - x2)

Then find the slope of the curve x3= (y - xz)2 at (1,2)

302 4 (2) - a0)3 7
5 = 5‘ Ans
202 - (H2]

Y' 1.2y =

Example 3:

Ifq—p= In qtin p,,findii_q.’ the rate of change of q with respect
dp
to p.
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Solution:

d (@_d(p) _ dnqg, dnp
dp dp T dp dp
1 1
LR = _ LIS
q qq o
q' l-q' = 1+]—
q p
1 1
(1 - =) = 1 + =
d q p
1
q _ 1+S or P + 1 q
7 p ‘g-1
| -
q
. 4alp + 1) Ans

p(q - 1) ' —_—

EXERCISE: 8 - 6

In Problems 1-22 find dy/dx by implicit differentiation.

1. x 2+ 4?=4 2. 3x%+ éyz =1

3. xy =4 ' 4. x+xy—2=0.
5. xp —y—4x=5. : 6. x?+y?=2xy+3.
7. kx3 +y3— 12xy = 0. 8 2x2-3y?=4.

9. x¥MA 4 y¥i=1 10. y3 = 4x.
11. 3y* - 5x=0. 12, x5 4 pl/5 =4,
13. Vx +Vy =3 4. 2x°+3x + > = 0.
15. x=Vy + Vy. 16 34 x =9,

17. 3x3% -~ x +y = 25. 18. y?+ y=1Inx.

19. ylnx = xe’. 20. In(xy)+ x =4
21. xe’ +y =4 22, ax’* —py?=r,

23, Ifx+xy+yr=7findy at(l,?2).
24. Find the slope of the curve 4x? + 9y? = 1 at the point (0, 3); at the point (xg, ).

25. Find an equation of the tangent line to the curve x> + »2 = 3 at the point (-1, 2).
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8.4 'Ifhe Derivative as a Rate of Change:

To denote the change in a variable such as x, the symbol Ax
(read ‘delta x’) is commonly used.

For example, if x changes from x = 1 to x = 3, then the
change is x = 3 — 1 = 2. The new value of x can be written as 1 + Ax.
Similarly, if q increased by Aq, the new value is g + Aq. A — notation
will be used in the following discussion.

Let c¢ = f(q) be the total cost function.
q = units of product.

The manufacturer produces q units at a total cost of f(q)
4

flg+BQ)f—mmmm e
Ac
= chonge in
fotal cost
G oo iolekialut j
! Bq |
I =¢h noutput |
| change put |
b
t i
Tolal cost curve: | |
c= flq) ' i
{ L q
q g +4gq

If the production level is increased by Aq units, then the
total cost is = f(q + Aq)
The average cost per unit for these A q addmonal units is:-

change in total cost c _ fla+ ADNqg)— f(q)
change in output q NDqg

Let ¢ = change in total cost

.- B¢ = f(q+8q) —Hq)
Aq Aq ‘
which is called the average rate of change of cost ¢ with respect to

output q over the interval [q, q + Aq]
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Example:

If c = f(q) = 0.1q2 + 3, where c is in dollars and q is in
pounds the cost of 4 1b. is
f(4) = 0.1 (4)2+3=46

If output increases by 2 1b( Aq = 2), then the new level
of productionis=q+Aq=2+4=6

f(q) = 0.’1q2+ 3
f(g+Aq) = £(4+2) = £(6)
£(6) = 0.1(6)%+ 3 = 6.6
- - A _flg + Aq) - f(@)
A~ ©Aq
£(6) — £(4) 6.6 - 4.6
=T aq - T3 = $1 per lb.

This means that the average cost per 1b of the additional
output on the interval [4,6] is $1 per 1b.

AVERAGE COST PER LB

CHANGE IN
ourput INTERVAL | OF ADDITIONAL OUTPUT
Aq [4, 4 + Aq) Ac/Aq
2 [4, 6] 1
1 [4, 5] 90
R (4, 4.1] 81
01 [4, 4.01] 801

Similarly, as shown in the table ébove, for changes in
output of 1, 0.1, 0.01, the corresponding results are obtained. As
Aq—0, then Ac/ Aq—0.80. This would indicate that for a small
increase in output above 4 1b, the cost per 1b. of that additional
output is approxomately $0.80.

S, lim _Ac is the instantaneous rate of change of cost ¢ with
Agy0 Aq
respect to output q when q = 4. In general, for any cost function
c= f(q), lim A ¢ is the instantaneous rate of change of ¢ with respect to q.
AgH0 pq
This limit is also called  marginal cost.
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now A c_is the slope of a secant line

Aq
This if Aq—0, thend ¢ approaches the slope of a tangent
line; that is, imAc¢ = d¢ 44
4q30 Aq dq
¢
Secant line

(5,7(5))

Tangent line

" Tola! cost curve
< c= /(q)=0,1q2+3

1 I :
v 4 5 q

de instantaneous rate
P of change of ¢ = marginal cost.
1 with respect to ¢

Marginal cost: is the approximate change in cost resulting from one
additional unit of output.

Example 1:

If the cost function ¢ = f(q) = 0.1 q2 + 3, find the marginal cost
when 4 1b are produced.

Solution: )
c = 0.1 + 3
dc
a‘a = 0.2q
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To find margmal cost when 4 1b are produced, we evaluate

B = 0.2 = 0.2(4)
= $0.80 Ans

" In general, the rate of change applies not only to cost
functions, but also to any function y = f(x)

dy _ | Instantaneous rate of
dx = |} change of y with respect to x
Example 2.

Find the (instantaneous) rate of change of y = x4 with respect
to x. Evaluate when x = 2 and when x =—1.

The rate of change is given by dy/dx:

%_z= 4x3
X

Thus the rate at which x* changes with respect to x is
4x3. When x =2, the dy/dx = 4(2)3 = 32. This meang that
y is increasing 32 times as fast as x does. When x = —1, then
dy/dx = 4(--1)” = —4. The significance of the minus sign on —4
is that y is decreasing 4 times as fast as x increases.

Example 3:
Let p = 100 — q2 be the demand function for a manufacturer’s
product. Find the rate of change of price p per unit with respect to quantity q.

How fast is the price changing with respect to q when q = 5?¢

The rate of change of p with respect to q is dp/dq.

dp a 2 .

-aa— e 5&1— (100 - g ) = -2q
Thus,

. = -2(5) = -10

| 4es
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Ol aulicl 5 Lierary, Au

This means that when units are demanded, an increase
of one extra unit demanded will decrease the price per unit that
consumers are willing to pay be approximately $10.

. If ¢ is the total cost of producing q units of a product,

then the average cost per unit, €, for producing q units is
- ¢

For example, if the total cost of 20 units is $100, then
the average cost per unit is €= 100/20 = $5. By multiplying both
sides of Eq. (2) by g, we have

c = qc

That is, total cost is the product of the number of unit
produced and the average cost per unit.

Example 4:

If ¢ = .0001q2— 02q + 6 + 5000

is a manufacturer’s average cost equation, find the marginal cost function.
What is the marginal cost when 50 units are produced?

We first find total cost c. Since ¢ = (c, then

c = gc

i

q (L0001g%- .02q + 5 + 2292).

it

]

c .0001q3— .02q2+ 5q + 5000

Differentiating c, we have the marginal cost function:

g% .001(3q2) - .02(29) + 5(1) + 0O

- .0003g°- .04q + 5

The marginal cost when 50 units are produced is

%% ~ 0003(50)%- .04(50) + 5 = 3.75

g=50
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Let us interpret this result. If c is in dollars and
production is increased by one unit from q = 50 to q = 51, then the
cost of the additional unit is approximately $3.75. If production
is increased by 1 unit from q = 50, then the cost of the additional

output is approximately (%) (3.75) = $1.25.

Suppose r = f(q) is the total revenue function of a
manufacturer. The equation r = f(q) states that the total dollar
value received for selling q units of the product is r. The marginal
revenue is defined as the rate of change of the total dollar value
received with respect to the total number of units sold. Hence,
marginal revenue is merely the derivative of r with respect to q.

marginal revenue = dr

, dq
. Marginal revenue indicates the rate at which revenue
changes with respect to units sold. We interpret it as the
approximate change in revenue that results from selling one
additional unit of output.

Example 5:

An inportant function.used on economic and business decisions
is the normal distribution density function

- =1 amix-pser
y = f(x) Y,
where 6 (a Greek letter read ‘sigma’) and wu (a Greek letter read ‘mu’)
are constants. Its graph, called the normal curve, is ‘bell-shaped’. Determine
the rate of

change of y with respect to x when x = _u

2 -t oo o5 #)(1)]
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Evaluating dy/dx when x = u, we obtain

&

e =0.

X

Marginal Revenue: is defined as the rate of change of the total
amount received with respect to the total number of units sold.

It r = {(q) is the total revenue function

marginal revenue = %

Margnal revenue indicates the rate at which revenue
changes with respect to units sold. It is the approximate change in
revenue that results from selling one additional unit of output.

Example 1:

Suppose a manufacturer sells a product at $5 per unit. If
q units are sold, the total revenue is given by

r = 5q.

Thus the marginal revenue function is
dr d
— 5 = 5,
4~ 4

The marginal revenue when q = 10 is
dr

= 3.
dq g=10

Suppose r = f(q) = 2q gives the total revenue r (in dollars)
that a manufacturer receives for selling q units of his product. The
rate of change of revenue with respect to number of units sold is

dr
d_q = 2.

This means that revenue is changing at the rate of $2 per
unit, regardless of the number of units sold. Although this is valuable
information, it may be more significant when compared to r itself.
For example, if q = 50 then r= 2(50) = $100. Thus the rate of change
of revenue is 2/100 = .02 of r. On the other hand, if q = 5000 then
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r = 2(5000) = $10,000, so the rate of change of r is 2/10,000 = .0002
of r. Although r changes at the same rate at each level, when
compared to r itself this rate is relatively smaller when r = 10,000
than when r = 100. By considering the ratio

dr/dq

=
we have a means of comparing the rate of change of r with r itself.
This ratio is called the relative rate of change of the revenue function
r = f(q). We have shown above that the relative rate of change when
q=50is

dr/dq_ 2
10 %%
and when q = 5000, it is
dr/dg 2
r ~ Tooo0 — 000%

By multiplying these relative rates by 100, we obtain
so-called percentage rates of change. Thus the percentage rate of
change when q = 50 is (.02) (100) = 2 percent; when q = 500 it is
(.0002) (100) = .02 percent.

In general, for any function f we have the following
definition.

DEFINITION:

The relative rate of change of f(x) is
f(x)
f(x)

The percentage rate of change of f(x) is

).
oo e

Example 2:

If the demand equation for a manufacturer’s product is
p = 1000/(0 + 5), find the marginal revenue function and evaluate it when q = 45.
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The revenue r received for selling q units is

revenue = (price){quantity),
r=pq.

Thus the revenue function is
;= (1000
q+5 q

r=1000q
qg+5°

or

To find the marginal revenue function, all we must
determine is dr/dq.

dr _ (g +5) D,(1000q) — (10009) D,(q + 5)

dq (q+5)°

_ (g + 5)1000 — (1000g)(1) _ _ 5000
(¢+ 57 (g+ 57

When g = 45,

dg” a5+ 5 2500

This means that selling one additional unit beyond 45
results in approximately $2 more in revenue.

EXERCISE: 8 - 7

In Problems 1-6, find (a) the rate of change of y with
respect to x, and (b) the relative rate of change of y. At the given
value of x, find (c) the rate of change of vy, (d) the relative rate of
change of y, and (e) the percentage rate of change of y.

1. y=f(x)=x+4;, x=3. 2. y=f(x)=4-2x; x=3.
3. y=3x2+6 x=2 4. y=2-x% x=0.
5. y=8—~x% x=1 6 y=x>+3x-4; x=—1

In Problems 7-12, cost functions are given where c is the
cost of producting q units of a product. In each case find the marginal
cost function. What is the marginal cost at the given value(s) of q?
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7. ¢ =500+ 10q; g = 100. 8. c=5000+6g; g=236
9. c=23g"+29+850; g=3. 10. c=.1¢+3¢g+2; g=3
1L c=g"+50g+1000; g=15g=16g=I7.

12. c=.03¢" - 6¢* + 459 + 7700; g= 10,4 =20, q = 100.

In Problems 13-16, c represents average cost, which is
a function of the number q of units produced. Find the marginal
cost function and the marginal cost for the indicated values of q-

13. E=.01q+5+-5—;2; q = 50, g = 100.

M =2+ -ET'OO; g =25 g =235

15. &= .00002¢% - Olg+ 6+ 2—0’:7@; g =100, g = 500.

16. C'=-00142—-3q+40+-w7.00; q=10,4 = 20.

In Problems 17-20, r represents total revenue and is a
function of the number q of units sold. Find the marginal revenue
function and the marginal revenue for the indicated values of q.

17. r=17q; q=28,g=100,4q =200

18. r=g(15— Lg); g=54=15¢=150.

19. r =250 +45¢*— g% g=54=10,q =25
20. r=29(30-.19); q=10,4=20.

21, For the cost function ¢ = 247 + 1.29 + 4, how fast does ¢ change with respect to g
when g = 5? Determine the percentage rate of change of ¢ with respect to g when
qg=35.

22. For the cost function ¢ = .4¢% + 4¢ + 5, find the rate of change of ¢ with respect to
g when g = 2. Also, what is Ac/Aq over the interval {2,317

23. The total cost function for a hosiery mill is estimated by Dean:

€ = —10,484.69 + 6.7509 — .00032843,
where g is output in dozens of pairs and ¢ is total cost in dollars. Find the marginal
cost function and evaluate it when g = 5000.
24. The total cost function for an electric light and power plant is estimat::d by
Nordin:
¢ = 3207 — .79¢ + 02142¢> — 00014>, 20< g < 90

where g is eight-hour total output (as percentage of capacity) and ¢ is total fuel cost
in dollars. Find the marginal cost function and evaluate it when q="170.
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25. Find the marginal revenue function if the demand function is p = 25/In (g + 2).

26.- A total cost function is given by ¢ = 251n (g + 1) + 12. Fmd the marginal cost

when g = 6.

For each of the demand equations in Problems 27;and 28) find the rate of change of price p
with respect 1o quantity q. What is the rate of change for the indicated value of q?

27, p = 15¢~%9; g = 500. 28 p=8e /% g = 400.

29.

" The population P of a city ¢ years from now is given by P = 20,000¢%¥. Show that

dP/dt = kP where k is a constant. This means that the rate of change of population
at any time is proportional to the population at that time.

In Problems 36 and 37,  is the average cost of producing q units of a product. Find the
marginal cost function and the marginal cost for the given values of q.

30.
31

32.

33.

¢ = (7000e9/7®) / g g = 350, ¢ = 700.
(2¢+6)/800
_ 850 + 4000& -

For a firm the daily output ¢ on the ¢-th day of a production run is gwen by
g = 500(1 — e~%). Find the instantaneous rate of change of output g with respect
to 7 on the tenth day.

i q9=97,4=197.

For the normal density function

2
ex/2

fx) =

)

Var
find £(0).

Marginal propensity to consume: is defined as the rate of changc
of consumption (c) with respect to income (I)

If C = {(I) is the consumption function

". Marginal propensity to consume = %—%

Marginal propensity to save: is defined as the rate of change of

savings (S) with respect to income (I). (how fast savings change
with respect to income)

Assume that savings (S) is the difference between income

(I) and Consumption (C).

S=1-C.
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.. Marginal propensity to save gls

dS d d dC
a~a D" a1

Example:

If the consumption function is given by

_5eVP +3)

I+10

determine the marginal ‘propensity to consume and the marginal
propensity to save-when I = 100.

dC _ (I +10) Dy[5(21°/ + 3)] - 52V + 3) D,[I + 10]
da (I + 10)
_ U +10)[531'7%)] - 52V + Iy
(I + 10)?

When 7 = 100 the marginal propensity to consume is

dC|  _ 6485

ﬁ =100 = —-—12’1% 7 .536.

The marginal propensity to save when I=100is 1 —.536
= .464. This means that if a current income of $100 billion increases
by $1 billion, then the nation will consume approximately 53.6
percent (536/1000) and save 46.4 percent (464/1000) of that
increase.
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EXERCISE: 8 - 8

1. For the U.S. (1922--42), the consumption function is estimated by

C = .6721 + 113.1.

Find the marginal propensity to consume.

2. Repeat Problem 59 if C = .7121 + 95.05 for the U.S. for 1929-41.}

In Problems. 3-6, each equation represents a consumption function. Find the marginal
propensity to consume and the marginal propensity o save for the given value of 1.

3. C=2+2VI; I=09 i c=6+ M VI, _ s

4 3
_16VI + 8V — 21
VI +4 ’

_20VT +5VP - 4l
VI +5 ’

5. C I = 36.

C

I = 100.

Marginal revenue product:

It is approximately the change in revenue that results
when a manufacturer hires an extra employee.

Suppose a manufacturer hires m employees who produce
a total of q units of a product per day. We can think of g
as a function of m. If ris the total revenue the manufacturer receives .
for selling the q units produced by the m employees, then r can be
considered a function of m.

Total revenue is given by r = pq.
i@« :

,"» == = marginal revenue product.

dm

where p is the pricé per unit. Here p is function of ¢ and is
determined by the;product’s demand equation. By the product rule,

& _ 4 AN p @ B
E;—pdm(q)+qdm(p)_pdm+qdm'
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But by the chain rule,

D _4 4

dm dq dm’
Therefore,

ar _ dg dp dq

am =P dm " Vg dm
or .

dr dq dp

dm dm(‘p + qdq)'

The derivative dr/dm is called the marginal revenue
product. It is approcimately the change in revenue that results
when a manufacturer hires an extra emplovee.

Example:

A manufacturer determines that m employees will produce a total
of q units of a product per day where q= 10'm2/ m? + 19. If the demand
equation for the product is p = 900/(q + 9), determine the marginal revenue
product whenm = 9.

Solution:
dg (m*+19)'/2 D, (10m? - (10m?) D,[(m* + 19)'/2]
dm [(? + 19)'2]?

(m* + 19)'2(20m) — 10m2[ (1/2)(m?* + 19)"/’(2m)]
= m?+ 19

_ 10m(m? + 19) ™ (m? + 19)(2) — m(m)]
m? + 19

= 10m(m?* + 38)
(m® + 19y’

Since p = 900(q + 9)_1, then by the power rule,

dp = 900
2 = Y0[(-g + 9] = -

(¢ +97
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Substituting into dr. we have the marginal revenue product:

dm
dr _ 10m(m* + 38) 900
dm " 2wz |PTAUT 2 )l
(m? +19)*/ [q + 9]
When m =9, then q = 81 and p = 10. Thus

@
dm me=9

= 10.71.

EXERCISE: 8 -9 i

In Problems 1 - 4, q is the total number of units produced per day
by m employees of a manufacturer, and p is the price per unit
at which the q units are sold. In each case find the marginal revenue
product for the given value of m.

1. ¢g=2m,p=~-5¢+20; m=5.
2. g=(00m— m?»/20,p = —.1g+ 70; m = 40.
3. ¢=10m*/Vm*>+9,p=525/(g+3); m=a4

4. g=100m/Vm? +19,p =4500/(q + 10); m = 9.

5. Suppose p = 100 — Vq2 + 20 is a demand equation for a
manufacturer’s product.

a) Find the rate of change of p with respect to q.
b) Find the relative rate of change of p with respect to q.
¢) Find the marginal revenue function.

6. If p = c/q, where c is a constant, is the demand equation for a
manufacturer’s product, and q = f(m) defines a function that
gives the total number of units produced per day by m
employees, show that the marginal revenue product is always
zero.

7. Suppose the cost ¢ of producing q units of a product is given
by ¢ = 4000 + 10q + .1q2 If the price per unit p is given by
the equation q = 800 — 2.5q, use the chain rule to find the rate
of change of cost with respect to price per unit when p = 80.
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8. Suppose that for a certain group of 20,000 births, the number
1, of people surviving to age x years is

I, =2000V100 — x , 0<x < 100

a) Find the rate of change of 1, with respect to x and, evaluate
your answer for x = 36.
b) Find the relative rate of change of 1, when x = 36.

In Problems 9 and 10, each equation represents a consumption
function. Find the marginal propensity to consume and the marginal
propensity to save for the given value of L.
0VI+ 5V -4l 0 10 c_3I+VI+9),
VT + 100 ’ ‘ vIi+sg

11. "If the total cost function for a manufacturer is given by

9. ¢c=

1 =135

2
c=—9 4 5000,

Ve

find the marginal cost function.
8.5 Higher-Order Derivatives:

Since the derivative of a function is itself a function, it too
may be differentiated. When this is done, the result may also be
differentiated. Continuing in this way, we obtain higher-order
derivatives.

If y = f(x), then f'(x) is called the first derivative of f with
respect to x. The derivative of f'(x), denoted f” (x), is called the
second derivative of f with respect to x, etc. Some of the various ways
in which higher-order derivatives may be written are given in table
below. :

first derivative: Y f/(x), %, %[f (), D, y.
second derivative: y”, f"{x), % B iz‘z[f {x)], sz)’-
third derivative: y", f""{x), % , jd:g[f(x)]r D}y.
fourth derivative: y4, f4(x), 5‘} , :T:[f(x)], D!y.
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Note: The symbol D)%y represents the second derivative of y. It
is not the same as [D,y] 2, the square of the first derivative

of y.
Dy # [DyT.

Example 1:
a. Ify = 2x* + 6x® — 12x? + 6x — 2, find y"".

Differentiating y, we obtain
¥y = 8x> + 18x* — 24x + 6.
Differentiating y’, we obtain
y” =24x* + 36x — 24,

Differentiating y”, we obtain

V" = 48x + 36.
b. If f(x) = 7, find f"(x).
f(x)=0.
f(x) =0.

dy

xl
c. Ify=e ,ﬁndg.

% = e"J(Zx) = 2xe*".
i’d% = 2[ x(e*)(2x) + e*(1)]

=2e¥(2x% + 1).

d%y

2
d Ify=f(x)= ;%—‘I,ﬁnd ZXE and evaluate it when x = 4.

& (x +4)(2x) — H(A) _ x? + 8x .

dx (x + 4y (x + 4
dy _ (x+47Q2x +8) - (° +8)(x +9)
dx? (x + 4)4
_ (x + D[(x + H2x +8) — (x* + 8x)(D)]
- (x +4)°
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32
(x +4)°

d¥| _ L
E ,-4'— 16°
The second derivative evaluated at x = 4 can also denoted
£"(4) or y"(4).
e. If f(x) = x In x, find the rate of change of f"(x).

To find the rate of change of any function, we must find its
derivative. Thus we want D [f"(x)] which is f7(x).
Fix) = x(%) +(nx)(1) =1 +In x.

S0 =0+ 1=

1
L
5 = -

x2 )

We shall now find a higher-order derivative by means of

implicit differentiation. Keep in mind that we shall assume y to be
a function of x.

Example 2:
a. Find y” if x* + 4y? = 4,

x2+4y? =4

Differentiating both sides with respect to x, we obtain

2x + 8y’ =0,
.
S R T )
y,,'= 4 D.(—x) — (—x) D,(4y)
@)?
_vED - (x)@)
16y2
_ —4y + 4xy’
162
w_ ¥+
=22 L. 2
y 2 )
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Since y’ = 7;—;5 from Eq. (1), by substituting into Eq. (2) we have

~y+x(

) - _4y2 — x2

- _4y2 + x?*
163

yll =
Since xz + 4y2 =4
l6y3
b) Find ¢ i§ L_/Z :JQXHJ
2 xty
y o= e

- 4
257" = e 7 (lty')®

Solving for y', we obtain

y'o=
2=y

4y

-
7= Qo) yloy Gy )

)
(2-y)
= _zy'
2
(2-y)~
Since y' = _y ,
2-y
y' o= 2y
2-)°
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2yy
1

2yy

v

t

y

16y3

* Explanation:

= ex+y(l+y’)

2yy s

It

2 2
vty

2 2
yo oyl =y

v

2-y




EXERCISE: 8 - 10

In Problems 1-20, find the indicated derivatives.

1. y=4x>—12x2+ 6x +2,y". 2. y=2x*—6x2+Tx—2,y".
dy dy
3. y=7T-x, —=%. 4, y=—x—x3 ==,
g x dx? g ¥ dx?

5. y=x*+¢e%,y®. 6. f(g) =Ing, f"(q).

7. f(x) = x*In x, DS ()} 8 y=1,y"

9. f(p= —,f”’(p) 10. f(x) =Vx, DHf(x)}
1. f(r)=V1=r, ). 12. y=e* "

P l dzy —_ 4 ”
13. y_5x—6’;;' M., y=02x+ 1)y
+
15. y =i—_%,y". 16. y =2x'2 + 2x)'/2, y”.
17. y =ln[x(x + D)}, y". 18. m(z—":xi)é%‘:—i) »”
19. f(z) = e, f(2). 0 5=, 4y
: dx?

In Problems 21-30, find y”.
21, x2+42-16=0. 22. x?-yr=16.
23. y? = 4x. 4. 4x? + 32 =4
25. Vx +4Vy =4 26. y? — 6xy = 4.
27. xy+y—x=4. 28, xy+yi=1.
29. y2=¢**, 30, e — ¢ = x2+y2

31. Find the rate of change of f'(x) if f(x) = (5x — 3)*.
1

X

32. Find the rate of change of f"(x) if f(x) = 6Vx +

33. If c = .3¢% + 2¢ + 850 is a cost function, how fast is marginal cost changing when
q = 100?

34. If p=1000 — 45¢ — ¢* is a demand equation, how fast is marginal revenue
changing when g = 10?
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REVIEW PROBLEMS: 8 - 11

In Problems 1-54, differentiate.

1. y=¢6.
3. y=Tx*—6x>+5x2+ 1.
5. y=2e*+é&*+ e~
x2+3
7 y= 5
9. f(r)=1In (r* + 5r).
11. y = (x? + 6x)(x> — 6x* + 4).
13. f(x) = (2x? + 4x)'®,
15. y = (8 + 2x)(x2 + )%
17. y=Vax—1.
19. y=e*(x*+2).
22— 1
21. = .
f@ R
In x
25 y = exl+4x+5‘
x(x + 1)
27. =l
Y 2x2 + 3
29. 2xy + y? =6 (find y").
3. y=V(x-6)(x +50 - x).
33. f(9)=In[(g+ g +2))
35 y= _t
) Vi-—x
37. y =log, (8x + 5).
39, y=(x+ 1"l
2
VxZ+5
43. x¥?* =1 (find y’).
45. y=2x7% + 2x)78
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2. y=x
4. y=Vx+3.
6. y=1/x%
1
. r=531
10. y = &>
12. y = (x*+ D'%x — 6).
4 y=2"
16. f(1) =loggVir+ 1.
18. y =yl - 353 .
20. f(w) = we” + wi
2. = _X;SZ._
(x +2)
e*+e™*
24. =“'7—
26. y=(2x)P° +e.
-7z
28, g(z) = ——.
& (z-n"
30. y = (x— 6)*"x + 46 — x)~
32, 4x? - 9y =4 (find ).
M y= x=.
(x —2)(x +3)
36 y =\/—————.——— .
Vx—1
38. y + xy +y2=1(findy").
40. y=(x+2)==
_(x+ 3)S
42 y= —
H“4. f(x)=5xV1-2x.
46. f(ty=e".



47.

D=tn@+r+2+05. gy aa/E /2
f( 5 >

49.

51.

53.

¥ =(x3+ 6x% + 9)/5, 50. y=(e+ 3"
fw) = In (VT = %), 52 y = it:‘
) = (2 + 2974 (x2 + 9)*/° 54 , = lnx

(2 + 6x)*1 ' Vx

In Problems 55-62, find the indicated derivative at the given point. It is not necessary to
simplify the derivative before substituting the coordinates.

55.

57.

5.

61.

y=x*=22+6x,y" (1, 5. 56, y = x%*,y", (1, €.

. Y . | _ .2 o g)
y—\/;}TT"y’("2)' 8. I_x’y’<2’3‘
x+xy+y=25y", (20 6. x ryi=1y" (i, 1).

4x - Y ”

= — -, y”, (2, 1. 52. y = (x + IY(x — 1}, y", (1, O).

y=aia? @0

in Problems 6368, find an equation of the tangent line to sthe curve ai the point
corresponding o the given value of x.

63.
65.

67.
69.
70.

71.

72.

73.
74.
75.

76.

y=x2—6x+4,x=l. 64.y=—2x3+6x+1,xm2.
x —— =-.-___x =

y=e% x=12 66. y =% 3.

xz—y2=9,x=7,y>0. 68. xy =6, x=1.

If r = g(20 ~ .1g) is a total revenue function, find the marginal revenue function

If ¢ = .0001¢> — .02¢% + 3¢ + 6000 is a total cost function, find the marginal cost
when ¢ = 100.

If C =7+ 6I — 25VI is a consumption function, find the margjnal propensity to
consume and.the marginal propensity to save when [ = 16,

If p=(g+ 14 /(q + 4) is a demand equation, find the rate of change of price p
with respect to quantity gq.

Ifp = — 54 + 450 is a demand equation, find the marginal revenue function.
If & = (500/4)e?/3® is an average cost function, find the marginal cost function.

The total cost function for an electric light and power plant is estimated by

¢ = 16.68 + .125¢ + .0043942, 20<4<90

where g is eight-hour total output (as percentage of capacity) and c is total fuel cost
in dollars. Find the marginal cost function and evaluate it when q =70.

A manufacturer has determined that m employees will produce a total of g units per
day where g = m(50 — m). If his demand function is givenby p = — 0lg + 9, find
the marginal revenue product when m = 10.
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St. Gabriel s Library, Au
CHAPTER 9

APPLICATIONS OF DIFFERENTIATION

9.1 Intercepts and Symmetry:

In this section, we shall examine two features of the graph
of an equation, namely, intercepts and symmetry.

A point where a graph intersects the x-axis is called an
x-intercept of the graph and has the form (x, 0). A y-intercept is a
point (0,y) where the graph intersects the y-axis.

Example 1:

Find the x — and y — intercepts of the graph of the equation
x2 + y2 = 25.

Solution:

To determine the x-intercepts, put y = 0

x*+ 0% = 25.
x = *35
The x-intercepts are thus (5, 8) and (-5, 0) Ans

Similarly to find the y-intercepts, set x = 0

2 2 =
0 + y? =125. X“rys=235

-5
(0,5)and (0,—5)  Ans

‘ 5
y = *5 l f
Thus the y-intercepts are . \

Example 2:

Find the x —and y — intercepts of y =1
x

269




Solution: y

Since x cannot be 0, the
graph has no y-intercept. If y = 0,
then 0 = — and this equation has
no solution. Thus no x-intercepts
exist either Ans

Remark:

At times it may be quite difficult or even impossible to
find intercepts. For example, the x-intercepts of the graph of
y — 42 x5 — 4x2 — 7 = 0 would be difficult to find, although the
y-intercept is easily found to be (0, 7). In cases such as this, we settle
for those intercepts that we can find conveiently.

Symmetry:

1. A graph is symmetric with respect to the y-axis if and
only if (—x0, y0)

Example:

2

Show that the graph Yy = x° Is symmetric with respect to the y-axis.

Solution:

Suppose (x;, yj) is any point on the graph of y = x2

Then y; = x7 y

To show that y = x2 is
symmetric with respect to the

y=x2
y-axis, we must show that , N L
(—x1,¥1) satisfiesy=x2 ) AN 5
y1 = (—X,I) E :L
2 Bkt 4 .
Y1 7%

Thus the graph is symmetric with respect to the y-axis. Ans
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Note: (x1, yj) can be any point on the graph.

2. A graph is symmetric with respect to the x-axis if and
only if (x, —y) lies on the graph when (x, y) does

Example:

Inthecasex = y2

If (x, y) lies on the graph, x=y?
then (x, —y) also lies on it. We
know that any point lies on the !
graph by substitute the values of E
the point into the equation of the '
graph. If the point satifies the :
equation, then it lies on it. {x, =y} *

3. A graph is symmetric with respect to the origin if and
only if (—x, —y) lies on the graph when (x, y) does.

Example:

Incaseof y = x3

If (x, y) is any point on the
graph, then test for the point

("‘X’ '—Y)

y
-y = (—x)3
. 3
-y = =X
y = x3 Sy (x,y)

—— e = x

The point (—x, —y) satisfies
the condition. It, therefore, lies (., _ ),/ y=x3
on the graph. Hence there is a
symmetry with respect to the origin.  Ans.




Example:

Determine whether or not the graph of y = f(x) =1 - x4

18 symmetric with respect to the ‘x-aris, the y-axis, or the
origin. Then find the intercepts and sketch the graph.

Solution:

a) With respect to the x-axis, replace y by -y

y =1 - x4
-y =1 _x4

4
y =-1 + x

which is not equivalent to the given equation. Thus the
graph is not symmetric with respect to the x-akis.

b) With respect to the y-axis, replace x by -x
=1 = x4 )
=1 - (=)t

=1 - x4

which is equivalent to the given equation. Thus the graph
is symmetric with respect to the y~@xis,

c) With respect to the origin, replace (x,y) by (-x, -y)

y =1 - x4

~y =1 - (—x)4
4

-y =1 -x

y =1 + x4

which is not equivalent to the given equation. Thus the
graph is-not symmetric with respect to the origin.
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d) To find the intercepts:
For x-intercepts, put y = 0

0 =1 - x4

1 - xz)(1 + xz)
X =11

The x-intercepts are (1,0) and
(-1, 0). For y-intercepts, put

x =0 -1’ 11 =

=1 -0 y=ﬁx)’1—x4

The y-intercept is (0,1)

EXERCISE: 9 - 1

In Problems 1 - 16 find the x-and y-intercepts of the graphs
of the equations. Also determine whether or not the graphs
are symmetric with respect to the x-axis, the y-axis, or the
origin. Do not sketch the grophs.

f(x) = xz— 4.

1. y = 5x. . 2.y =

3. 2x2+ y2x4 =8 -y. 4. x = y3.

5. 4x’- 9y = 36. 6. y =7.

7. x = -2. 8. vy = |24 - 2.
9. x = -y-4. 10. y = ¥x“- 4.
1. x - 4y - y2+ 21 = 0.‘ 12. x3— Xy + y2 = 0.
13,y = £(x) = 30/ (x4 5). 4. x4+ xy + y2 = 0.

2 2 2
15, X _ 5=0. 16. y = e* .

In Problems 17 - 24, find the x-and y-intercepts of the

graphs of the equations. Also determine whether or not

the graphs are symmetric with respect to the x-axis, the
y-axis, or the origin. Then sketch the graphs.

17. 'xl - 'y‘ =0. 18. x = y4.

19. 2x + y2 = 4. 200y = x - 33.
21. y = f(x) = x3- 4x. 22, x2+ y2 = 16,
23. 4x2+ y2 = 16. 24. x2— y2 = 1.
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9.2 Asymptotes:

Consider y = %

As X approaches zero from the right,

1 becomes positively infinite; as x

X .
approaches zero from the left, 1 vertical
X ,asymptote

becomes negatively infinite.

In terms of limits,

. 1
By = o o |
Horizontal
. 1 asymptote
%& - x T

The line x = 0 (the y-axis) is
vertical asymptote of the graph y:%—.
This means it is a vertical line near which the graph rises or
fall without bound.

On the other hand, as X approachesoo, as well as - o0,
%— approaches 0.

That is,

. 1 . 1
Mo, x =0 adgig k=0

The line y = 0 (the x-axis) is a horizontal asymptote of the

1
graph y = X -
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Definition:

a) The line x = a is a vertical asymptote of the graph of
f(x) if and only if

Zim+ flx) =o°(or ~oo)
x3a :

or lim_ f(x) = o (or —ac)
24a

b) The line y = a ts a horizontal asymptote of the graph
of flx) if and only if

ng@ =
or l'gbcm_t(_xg. = a

*%k
Note that if x = a is a vertical asymptote, the function
eannot be contimf\r?zs at a — in fact, 1t has an infinite

discontinutty at a.

Example 1:
Determine the horizontal and vertical asymptotes for the
graph of Y T i 5+ 3

Solution::

To test for horizontal asymptotes,

. . 1 gy
lﬂiﬁ) = hm&_g+3
Xep > 4
= lim 3 = 3
Xy e
Thus the line y = 3 is a horizontal asymptote.

Also,

lim Q ! 3 +19 = 0+3 =3
PP S

Hence the graph will move near the line y = 3 both as x —3» < and
X —3 = oo
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To determine vertical asymptotes, mcke ” 3

obtained Ly putting the denominator (x - 2)
Thus x = 2

It
[=]

Therefore 1lim ( 1
+ \X
X—9 2

Hence, the lime x = 2 is a vertical asymptote.
If x is slightly less than 2, then x - 2 is very

&0  and this can ke

close to zero kut negative.

Thus ;(——1—2 -is "very megative" and so
1lim ! + 3 =
1l g = - e
X e 2

Thus the function increases withcut bound as x ——» 2+ and
Qecreases withcut bound ad x—s= 2~
Example 2:

Determine the horizontal and vertical as